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1. [ZC&®IZ

% < OALFE O in vitro 3 X OV in vivo O FEERT — ¥ OFRHTICIERRIEENF 34T 53 H 0
7B T2 L TN D R, TRETOEIF—%l U CHR# L. KB
IZBT D T R— kA2 MEHTTIRIERIEEIR A E < bR TEY, S HIT
BAEDRE 2 b—3 3 » PK TIRIERBEYR OHTICZE&Z0R (random effects) %5 o7
FERT DT= DIZIERMBIR G ET AR EH S D L IR o TE .

LU 6, D EMERO 3 Tlk, EBRFERDIERIE & e 2L 2 B OLEHK
Hm O THRIBAE L, BIERYRSITIC L D SO /RT A — 2 OREE 28 278 5 55 I1H
Sh, HFREOEETOT—FMNEZRICTHZ LM THD.

Peace, K.E. ff (1988), 1 Efik - ZRJIMEZEAR (1992), [EEIRHEFH:— EIKMBA%E
DI DR (TEFE S ORIFE & il % 022 2t - ik & VB S H E CIERVW Sk
TOMFHIRFEENEEIZHDH. ZORICEENTVWDNET, KEINZIERTE OIS
ERVWHLTARAL Y. 28D HEYORAIR) THL23, NHiO HENEZEDTZAT Y —
=V, 1FE A EDRIEREOFEREROBIALT 2 HERTHO LTINS, 20
BIALDRFUZ DN TIE, 2003 FEOFFHEG RS T, KT, @lITE<T, v 7 €A
REIR I BT 2 B 2R SR AL AR i) CTom L7z,

3D [IRIZATEMEOFE ] TH 52, W o [EMREdk, BB I OmE],
Vi GEHEE, 74 7—0OEH, Yy v 7 A7k, VIO THE— KSR : &
H 72 SZ DWW T O EOHEE ], VI FiD TRl oHEE |, 72 E1%, 514k X
O 15 Blo® X7 —C, EHRERRESITEZ AW OHEEIZL > TETRYHFHx 52
xR Lic. WU 3FED XIV O 1Y) —ZFRIKOMAAEN] 1%, 2003 FEOEH&4MY
FaT, (ST 23 [BERMEIRIRE T V& V72 EC50 D ki) Tk L7-ifiEC
H5.

5 BEOHIEEE TOREMERBRO VIHio Tin vitro 3B THY EFbhTnd, #)%
ZesRAE BEESR (Ames RER) 1L, B 15 HOEIF—DF—~ThoT-. Z1L, 2oD
LK T DR 2 v = — O IEMED IE TH 2723, 5 i) 22 EWRRETE D)
Ik & 2 DA A IERE G E 7V CHESESRD 2 HikZ R L.

SEEE DO OEEX A2 T 7=0100%, LOSBRLETH 5. SEHE OO EIL,
2L ODIHFHOHERETHEY EFS5NTWDER, LOSEIZOWTEHTH D, EHAD
Mt o#FETH D, Armitage - Berry %, RS - #HILEHER (2001) ,  [TEZHF



DT D DRI S 1E] O 83 ~—UIZ 2 DOFEMED L, T, BLV, —OBHKIC
DNWTOHBORD TP RINTND. L LRns, 817 5o [EWBEE) T,
EATHREVE, AREMREE R & ORI R AR EE D RARNRINTWDH DA
Thd

LR 7 - FRIREHER (2001) 135 3OGRTH v, & IE, 2002 45 4 Jit Statistical
Methods in Medical Research 73, Armitage, P., Berry, G. and Matthews, J.N.S. |Z L > CTHhR
ST, FBIE, EFIZEEET OREIAMETH 703, H 4, EFIERICHE
23 2B kLA S (Biostatistician) M IChiid & 7212 Z BN & - 23Rl & 125
IhTWnsg.

Z D 4D 12.4 FilZ TIERRIZIEFE, Non-linear regression) A3Hr7-12%8 455 L, invitro
AR CTOIEMIEEAMR D TR T — & ML L CREIBIENR 04T L 72356 O RIE R R~
LTS, X512, 20 X [Laboratory assay| & #H L Biological assay 3 20.1 HiiZf
i, 205 il [Some special assay] & L CHE, SALOBBESIA/RIN TN,
LU s, ZORE, IEFIEBIFIHTO invitro 35 K WVin vivo 58k T EoiE
B> TRV, FEBEEIGEZHT O AR TIEZR.

AREHNIERRIE ORI 5 LT, MIBALD J71ETlidie < IERIE O £ E O 8 F 28T
DL, W, BIEOMBETY, #EE L2\ ST A —2 0, BIBEIR DT D /3T A —
ZDOHTH D L I RIGBAIT, TOHIZOWTIERILT 5 2 LI X 0 X M % B
ETEHZ L%, INETOEIT—TRLTERZ. £ OLFEHED in vitro 38 LY
invivo D FEBRT — X OFEERN 72 fEHTIC IR IR T 2 WA 35 2 & 1%, EBRE R A
I B ERICRBLT 5 72 OIC R AR LRI L 7.

& AN, FEREEIRIATIZ OV TORMFH O AMEILIEF 1D 7. 5 <X, Draper,
N.R.and Smith, H. (1966) 3, HAFEE—FR (1967) TEHEYGIHT] @ 10 EIZ [IEHIE
HEEFFal) D, BT, HEER - BEREL - EAEIES] (1966) [SAS 12X %
BT D 8 FD TIEMIEEITHAHT] < HWT, IR Y72 570, JiE O HAGER
ITHERRIZ 722 > TN A0S, JEEERRIZ, 1998 1255 3 hit TApplied Regression Analysis| 73 Hi
RS 40 CU T 24 E(Z TAn Introduction to Nonlinear Estimation] 23& 5. % 2 iRIZx LT
IERNR D STWD. FELOARIE, SAS % AW T IERIEEIRHT O O FIF
E&xTHY, Draper, N. R. and Smith, H. (1998) M IEMIEEIR O ZFE L < D 720D
AfFEEL LTHELTWD.



N FETOEIF—T, Draper, N. R. and Smith, H. (1998) 723HX V) iF T2 Hil#EIC
DWT, IMP 27 U7 FNEREOITHIRLICL VR n e 22 Rm L7, TAM) Tk
RN, EZT, AL, MRREEOT =228 HWT, PAROERERD X5 7 TIER
FElElES T AP ZRdZ & L.



2. T—ARHIR

2.1. AWBT—42 0OFER

INETOEI T —THEMO L 7 EA REFROFIRIZ, FiEHOIHERIGT — &,
BLOY, BEANVEVOTEEBICGEIIERT X EHNTE. ZhbDOERT —
21X, EELZEO QRA TV EFTE7bD0THDLM, P ROUGTHIZHAWS T —
2L L TIEREODLDERNH T, 22T, HilceblirsHor—42%mxR-0L, ZREHW
TP ARG THE L 22 2 EMIEIT OF E FIEZ LEDO+4312, o a Ry
MZT 28 )1% L THiz.

WD T —421%, MIEERRT — 2 2858 LT\ D Ll Lz, 2, EERGEO AR
o T, ALFMEOREN, EREEORENR CEBRMBOENIEN L THDH. £
7z, MldEERERIE, MROALDOEREZWOLETHELLZY, EEan=—Kxh v
L7220 LT, invivo DEBRRIZH~/NRBEZRERATLH S.

ZOHT, HOMHFIZL o> TEHESHMIN D 0 ERFT 2 EmERBRT — & 23,
BRa B LT WEHEBITH D, iU, EARNICEORFOFRIZL D 2507
FA NHFROLB O 264, BEfisas, BiEdE (77 07) ROy BV oifE
bd0, KELMLCTHMILT 222, £T—FOFETORVPNVICHEFRTE, %
TEDFFEATE T L DRI Lo 0.

INFETOEEGHOT —H1L, BEEICK L TT—ZNAEWIZHNL TRV EDIHAD
HY, HIEE L TUIFEONE, Zoflix, SBRERET LV EGD TGO & 1) & &
WiZA 9.

BRIV DOFEERICE 2 D2FERT — 21, #HE2fIcillkzZs< L Bbhn b,
ERROBMRE IS EE IR D D7t bbb, D10 OHEE 72 & O M 2 i
THLEMEIE I WEAD.



2.2. MpEEHEREDT—4

# 2.1 M EERBROERT —Z 2Rt 207 — 21, KE (2003 : #EitEEG K
) OWEICH DX G, HEMIGEROERITZEZTIZ, WOLEZMOFRT -2 2%
ZOFARELELELDTHD. £, FHE L TROBVRLT VWS ICT—F 2 EH LTz
bDOTHD.

HOWE A FRELTROBFEZ LN T L—F Eov =L (R) IC 8 A&, 22~
2%mg/mL CEA7IZEERERR), NAERRTL 7L — 1 Th 8 HELET 523, 2°~2"mg/mL &
REZ 3IBEMEKSHREL, TALN2RIOMYIRL &5 5. BUHRIE,, Stolgr (HE
I DR, S, KR E2EL) ICL o TEEN T WHIIRZ SRR E T 5. 2
RTHE, MR Z S ERVRIROR LT 5.

b5 —ERREZIC, T L— b EOZNERO T =V THWEADREIZ L - TR
WDEAT D, AF LMD SR Z T &, SEE LR EZ < b T = VRO
IR OWE ) DA TR ER LT < 2 s, MERHEHOCEZZNZEND Y = WZH T
T, VO TLSDHDOEEANTEHOELEDOEEZIETDH. WERPE->TWNDHEA
NTHITIER LTS 2B ANT BV s, S0 5 BRI TLEST LD
(2720, ZOMIHIRRE SN 00D 2 (EER) <DWIRDEIICREL, ThThD
U VOWREEZRETH. D, R 21 OWNEOWMOT —4Thb.

WA REROMET — ¥ Tl 5%, —RAITIEPERIRE 100%, HHERIZ 0% & 72 %
LSRRG L THEEORS 2 LB Sh T D, RISEAE T USEES 2, K1
TUTTMEASBR L HET 5. RGRITR RO RS 20T, 100%5B25 2L bb
T, 0% TICARDZEbH 5. i, BRENHLHEADOKGRT2? & 2'mg/mL 1A
WIT 109.9% & 102.2% 7 100% Z B 2. % F — 2 il T 5.

FOSFIX, 2 207 L— hOEEMIR, BIO, BYEMBOWLET -2 %7 —L 1L, &
PEXRTBR DA 8 B DT — & D) 1.216 % 100%, BEtExiBOEHAEIL, 8 fHOT —X O
$50.052 % 0% & 725 K HIZHE M L7z,

HERHTH 7L — e LT L— hEnEnil@tt, BLOBHESR» S 5D T,
MANCROSREZFIET 2139 HEHEM L B2 0b LVendy, HEHICIZMETH 5.
JEDIRENT Ko THEMED TR E 72130855 L, BEMsatROBSCENRR 2560 & 12, Bk



WSRO REFET D &, W oM & RS X 5 FM & O BE/ER 2 841 U CREbT
THZ LD, RBH L7 L — N EOBERSROW SRS R 57 510,
B L7e 7 L— R ORISR OWSEE D B N TR TOWIET — X ONLREE

HI_&xThs.
#F 2.1 AbEY A O TEIERER OO & RS
e AL St HD
B W ERE @y FUGER © % B W R @y SOS %
R 1.177 1.146 — R 1.194 1.330 -
st ER 1.196 1.247 xR 1.270 1.170
28 1.097 1.018 | 89.8 83.0 20 1.331 1.084 109.9 88.7
2 0.795 0.886 | 63.8 716 2! 1.250 1.062 1029 86.8
2° 0.731 0.701 | 583 558 22 0.810 1.022 65.1 83.3
26 0.409 0426 | 30.7 321 28 0.566 0.533 442 413
27 0.217 0220 | 142 144 24 0.268 0.293 186 207
28 0.178 0.156 | 10.8 8.9 2° 0.119 0.102 5.8 43
2° 0.122 0.133 6.0 7.0 26 0.092 0.066 34 1.2
210 0.135 0.111 7.1 5.1 27 0.126 0.142 6.4 7.7
ko 0.041 0.054 [ 0.040 0.064
pogial 0.016 0.075 >t AR 0.109 0.092
W
1.5
Zg X
7 X (@)
1.0 X X0
i y o
™ - O
. 8
0.5 %
- [¢)
| X A
J X% X © 0
0.0 T T T T ‘l{ﬁri
et 0 5 10 i
xR log2_dose i

2.3. RIGEIZLI-fAsEHRT—4
# 21 OXBUERRT —5 T, KERH LEHAOT —F 2O THHREIEY

2.1 SeHma R ER O WL EE O H B SO BAAR
O : tOBEERL, X FKOBEHY

o



2L BTEOREIN 50% & 725 &K 9 b BEMADIEIEDS0, XL TUDI0 % FHHE 25 FE
o, FHREOTFIEZHERICT 72D EMEx A2 100%, BrEXE 0% s L, Wt
ErAnRE LT —42 205,

# 22 NHOMEK®HGEOILEY A OMFaENED KR

B G %
20 109.9 88.7
2! 102.9 86.8
22 65.1 83.3
22 44.2 41.3
24 18.6 20.7
28 5.8 4.3
28 34 1.2
27 6.4 7.7
125
X
100 X 100 100

f(x)=

75— 1+ eﬁl(ﬁz*X) o 1+ e71.32(2.83—x)

2 50—

25—

I I l
-25 0 25 50 75 100 125
log2_dose

22 ISRk TH7EA RifroH T



3. BAE

HRICIEE T ATV T2 DITE, BREHENBETH S, EBRITIE, #EhY 7 &l
O ZLMEHRTH DN, FHHEOE T & XD HIER, ®atY 7 M AN S 72D
HThD. ZODIZ, IFRERIROIT ORENLHEHTETHLITVA =2 —h
EOMYIRLUFIEL, FHROBPHEREZRLOOMHT 5. AU R« =a— b ELSE
DIFEZ DWW TIEH O THFTOMPA 2+ 5.

3.1. VU EA Fehig

SISHRIZa AT 4 v 7 i %E H TUID D5E61201%, EFRA 100 38 X OVFEAS 0 (21X
W DX o774 RillfRIL, x=log(dose) & L7- & 1T,

100

e

(1

LD, 22T, BB E, B,13 D0 2ETNT A—XThHD. 2k, FEdose
OXHATH FRE, B, B 2 OXHTH L. % V10 /5 TRE L X 13,
JEAN10 &5 xS EB L 72 0 B TS HAA VDO TRV RS, R Q) 13,
B A AV C,

Y=f(X)+e
DEITETD. 72, E(6)=0 ERETDHRLIT
E(Y)=1f(x) (2)

L0, BRENHEVICEMET, SN V(e)=c? OERSM 0 N(,0%) I20E5 &
T 5.
n EOBIMER i=1,2,...,n, 2 LT, & 1) 1%,

100
L0,
Yi=1t(X: B, 5) + & (3)
LEL L TED. LI L LT,
Yi=f(x)+eg (4)

ET 5. ERETET VB INEZON-T — X IR L THERED 2 BFIAZ RO X HICEE
T 5.



S1(Bi By) = Z{Y| - f(x ;ﬂlvﬂz)}z (5)

f () RRE CThIL, [EURGHTOFIAIZNE > T, I & E D/ 2 FeffeE &4k
WHZENRTES, LaL, fX)DBERBOBRSICE, N2 /IMEER B LB ER
Ha7=oicix, X 6G) 4L B, OV TRMD L7z 2 >OEH TR OWTRIE
EEHWTIHS 221225, WS O0DORIFEED T SAS 72 E DR 7 b THEYER
IZHWLNTWDONRT —T7 —BAEE W AULIED FIET, A =a— kv
BEEbWbhTWa., 2, —E—EOREFE O THRIEZER5HT 2f - TIER
OB Z RS Z &P bELE S Wbl T .

32. REHEDEZA

SO, O, BAEINCHEE LIZWWRT A —2 BB, OFIWIEE LE 5. 2 b ou
X, 7—% %7 vy FL, ¥ 7EA FBEZHI< Z LI2LD “KIKELW LoRme
ENTMEET 5. O, ISHEN 50%HH%OMBARTHHOT, BBLZ 3 LHEE
T&5. O, V7L FHBROBEE THEHA, BBIZOHZIE, ISR 50%D
SHHOR 7 B R T L BN L2 RS & y, & L7 & Z12 log.{y, /(100 - yo)}
TRDHND. Y lEBBLE 25%THL0T, Y =109 {25/(100-25)}=-1.1 &£725.
Zaugk, (D) OXIZL+LIERALTLIZONWTHRNWZRHERTHS.

(a) (b)
E X
10— y y
o
o S § 7777777
X
: . %X
X X
-10— X
- | | L | |
0 5 0 5
X X

3.1 A By =—11& By =300 7 A NillifR (a) LF&%E7 1> hb)
X=3 ~ 5EKENETYA T ALY HTILONEN



A (5) I[CHIHHMEA A LTHED 2 'z ko & S (BY, pP)=876.63 L725.
wIfE g, B B E M A FEED 2 TRD/NEL 10D X 97 60,68 wMIULk
DHETHEL, H2 OREOLDDONRTA—=2L LT AP =p"+60, BLOpP =
PO 16D ##ET 5. 60, 00 1%, BIBILIEIC L - T, <0172 L0171 BFEAE ENDH D
T, B, LPIL, <1272 L 28291270 %. FEFED 2 TR, S;(B?, pP)=664.56 L 7p
D S (BY, B I~ 201.07 T 5.

%2 HOKETHE, B2, B & fl > TRIEUEIED 1T 6P =-0.049, 52 =-0.005
MEFE SN, O, pOIE, T -1.321 L, 2.834 L 72 % ikAED 2 S (8P, pRY) =
659.60 & S, (B?, BP)ITHERT 496 Wb LTWD. ZO LS5 AMEa# KL T, H
ELIEWEZED 2 BROBL, H2DWVIE, HEELIEWWRT XA —Z DENR, oL
EDTNSRELY b/NEL RO EZRD S, 3 AH TREN KT LT
LEARTG A= OHEMIT, B=p%=-1322, p,=pP=2832L715. ZOKEDH
FREERZO2FME X 32 1T B #Xih B, ZYfie LI-ZERKICRT.

314 1100 £.900 6900__ 7000 7200

3.0

294

28

274

7.200]

2.6

25-  [1.200 7.100 7.100

X 3.2 FEFED 2 TR B IKGE D5 BRI
EAREIL, E2REELH ETIZER>TWADOTHEIK L

3.3. MBILEDETEFIE
v 7EA KR



100
14 eAB)

f(x) = (6)

BNTA=Z B L B, TIRMIT 5 LROMREZD.

ﬂ — _(ﬁz — X) e’ f (X) (7)
op, 1+e”

ay — _ﬂl e’ f (X) (8)
op, 1+e”

L, =B, -X).

[FlE1 ]
T A= OYIHIE B =-11 & fO =30 %3 (6) IZfRAL, nfHHOF—# o0

TR 9080, B0) #FFL, BUSRy, Lok &6 2FHHT5.

100

- - 9
o0y

éi(l) =Yi—- fi(l)(xii,éfl)v/}z(l)) =Yi—

[FE2 ]
RTA—=ZOMIE pY=-11 & P =30 ZxX (7) & (8) IT/XAL, nfEASD
F—ZZOWTHSRE 19, 2D %35 5.

~ IA(l) . A A
s _ (B —x)em T 505 (10)
i ,}(1)
1+e™
~ ) ~ ~
2(1) _ _ﬂl(l) e’h f (XI ’ ﬁl(l)' 2(1)) (11)
. el

=720, A9 =B(By-x%), i=12,..n

[FIE3 ]
FIE 1 TROFEE 80 2EEE P L L, FIH 2 TRO MR 2P, 1D %
M 20, ) L LT, RO AR LoERRRE - T5.

e =60 2 + 6P 21 v & i=12,..,n

[FhE 4 ]
FlE 3 OBFEIFRD T A —2 50 L 50 %, G157 LoERS T &2 VT, 6O &
SO EHEET D,



[FIES ]

IEA RIRONRT A—20mE g0 L Y 1, BIRSHTIC Lo CTHEE S

50 L 6P AMAT, WORBDIDDT A= fD & pPO AT 5.
AP =P+ 5P

B = 0 45
RDINT A —F OFXTRZED,

168159 1<0.001 7> |58 1 5P |<0.001
Lol L ZITRYIRL AKX FIA 6 1217<.

(I O] E FEfE A 0.001 & L7273,
ERERITIE, ROV T A =X DOREE %2 5D 572512 0.000001 D X 512/ S VWMiEE H
W5.)

FIELICRY, T O=4P L BO=8P LixELT, FE2,1OFIES 240
e

[FlE6 ]

rliElHOMYIRL TR LZET 5.

FESNEART AL OHEMmE =AY,
By =Y L LTy U A FIBRORAEIIRT A — 2 OHEERE T 5.

[FIE7 ]

X (5) HED2FMERDFHFENIZEIVEHRL

St(BuBo) = i — T (5 B B)¥ = Dy — T (i A0, BIO)Y
i=1 i=1
MEN o R, KD LI

52 St(Buf)

n-2
FAD2FMEABEN-2 THVHEEST S

[FlES ]

rlE H OV K L CEHE SN2 8F A — 2 OHEEE BTV, BV bbb T
WOMBEL 2, =20 5, =20 ZAEL nx2 O Z

2y
7, 17
7|2 2

4y



B, 2x2 DIEFITH Z'Z DWATH] (Z'Z)" ZEHE L, AESEOHEERE 6
(Z'Z)" (HNT TR EA TR
V=(2'2)"6?

REVETD. VOMAES O, U, OFHRR, B L B, OEUEEAELRD.

[FIE9 ]
FIE 8 TRDT-AEAERAZEN, HHEE n-20 tHOMICHED Z & 2T, 1001-a)%
EHEXMARDSD. B, H ES0 DHEE/2DT,
3 +t(n-2; 1—a)@

75 D50 DfF XM & 72 5.

3.4. FtEHI

(F1ERBEDODRED
[FhE L ]
1ERBORIEERY, L oEEOHER 60 %, X (91240 =-1.1¢ P =3 %A L,
WOFERZGS.
100 100

1@ X, A(l), 20y _ = =96.443
v AT A= 1+exp{BP (B -x)} 1+exp{-1.1-3-0)}

gW =y — 100 =109.9-96.443=13.457

1+exp{-1.1-3—x)}

2% BLUAE G FRRICEVE 2T %, 16 BOIRER y,, & OEAEOHEEN 651

8 =, - 100 =7.7-1.231=6.478
1+exp{-1.1-(3—X,)}

b, TNTH Y, i1=12,.16 oW T, £ 3.1 (TRT.

[FIE2 ]
ME A9 =-11 & pP =30 &K (10) & (11) ITfRAL, 1 BHDOF—XIZo
WIS 29, 20 A2FET 5.

A = pO(BY —x)=-1.1-(3-0)=-3.3

s _ (8 %) e f O, .50 —(3-0)e°-96.443
" 1ye 1+e73

=-10.292



o A e’ fox; B0, pY)  1.1e7°.96.443
& 1rel 1+e7%3

2FHE LD FBICEH A ET 2, 16 B MofRk 2%, &4 ##HT 2,
A = B (BY —x5) =-1.1-(3-7) = 4.4

=3.774

A1) —(ﬂ(l) Xi6) ems f(Xle (l) 132(1)) —~(3-7)e**-1.213

Zl6 = = =4.793
e 1+e 1+e*
~ A(1) ~ -~
s _ A0 ™ f e A0 B _L1e* 1213 L o0
216 = Y = a7 =1.
1+e™s l+e

b TRTo P, D, i=12,..16 [ZOWT, £ 3.1 ITRT.

# 31 F1RBOKEHER

v) (x1) (x2)
y-f(1) f'(betal)  f'(beta2)

X y eta(1) f(1) e(1) 71(1) z2(1)

0 109.9 -3.300 96.443 13.457 -10.292 3.774
0 88.7 -3.300 96.443 -7.743 -10.292 3.774
1 102.9 -2.200 90.025 12.875 -17.960 9.878
1 86.8 -2.200 90.025 -3.225 -17.960 9.878

2 65.1 -1.100 75.026 -9.926 -18.737 20.611
2 83.3 -1.100 75.026 8.274 -18.737 20.611
3 44.2 0.000 50.000 -5.800 0.000 27.500
3 41.3 0.000 50.000 -8.700 0.000 27.500
4 18.6 1.100 24.974 -6.374 18.737 20.611
4 20.7 1.100 24.974 -4.274 18.737 20.611
5 5.8 2.200 9.975 -4.175 17.960 9.878
5 43 2.200 9.975 -5.675 17.960 9.878
6 3.4 3.300 3.557 -0.157 10.292 3.774
6 1.2 3.300 3.557 -2.357 10.292 3.774
7 6.4 4.400 1.213 5.187 4.793 1.318
7 7.7 4.400 1.213 6.487 4.793 1.318

[FIE3 ]

FaEOHEM 60 #EmEL o & L, MO R AL L LI RIERIT ko
Loz 5.
13.457 =51 - (-10.292) + 5 - (3.774) + ¢,
—7.743=5" . (-10.292) + 5% - (3.774) + ¢,
12.875=6" - (-17.960) + 5 - (9.878) + &,

6.487 = 5" - (4.793) + 5 - (4.793) + &4



[FlE4 ]
FIE 3 OFIEEIFKD T A —2 5O L 0 %, G 72 LOEIF ST 2 O THEE L,
K OFEHEIN 22 53 W AT 3% & [ERAR B O HEE M 215 5 .

HA H R R ] F A

Model 2 201.259  100.630 2.086
Error 14 675.371 48.241 0.161

C. Total 16 876.630

HA HETEAF e SE t il P 1]
z1 -0.172 0.123 -1.396 0.184
22 -0.171 0.115 -1.486 0.159

b, 29, @ oERMEROHERE LT, 2hEh 60 =-0172, 5P =-0171
2155,

[FIES5 ]

KOREDT=DDRT A —2 O L gD 2yd X 5 I1FEL,
SO =Y+ 50 =—1.1+(-0.172) =-1.272
B =Y+ 60 =3+4(-0.171) = 2.829

HEINESO L 6O 2, pY & pYITHART, KDL IC
169 1 BY | = (~0.172) /(~1.1) |= 0.156 > 0.001
1601 B9 | = (~0.171)/3]=0.057 > 0.001
FITEIC RE VWO T, FIELICKES.

(62EBDKRIED
[FIE1 ] 0% P =-127212, pP % pP =2829 IckxEL, 2x:52.52),

BEIO 8@ =y - tOx: 52, 52), i=12...n ZHET 5. R £ 32 ITRT.

[FIE2 ] #oiRs 29, 29, i=12,.. nZ3ET 5. fERIT £ 32 15T,



# 3.2 2B OKEFHREE

X y eta(2) f(2) e(2) 71(2) 22(2)
0 109.9 -3.598 97.336 12.564 -7.335 3.298
0 88.7 -3.598 97.336 -8.636 -7.335 3.298
1 102.9 -2.326 91.105 11.795 -14.822 10.308
7 7.7 5.306 0.494 7.206 2.050 0.625

[FIE3 ] FIEL & 2 CHES Nz 67 2dd THERAS eI, M RO ER
20 L 3@ aai R 2@ L 2@ ICBEE LT, G LOBIYERR AT T 5.
e? =52 22 + 5P 22 + ¢ i=12,..,n

[FIE4 ] 61572 LOBIRASHIC X 0 FRAREOHEEE 52 =-0049, 62 =0.0049 %
"5,

[FIES 1 ROKEDTDDRT A—2 O L g 22T 5.
B =P 5@ =-1272+(-0.049) =-1.321
B = P 1+ 52 =2.829+(~0.0049) = 2.834
AR A D MENOHEEITE D .
152 1 BP || (~0.049) /(—1.271) |= 0.038 > 0.001
1521 B | = (0.0049)/2.829 |= 0.0017 > 0.001
RN REWVWDOT, FIRLIZES.

(EFE3ERBEDODRE
[FIE1 ] gO% O =-1321 L 0% pP=2834 LixxEL, Ox: % 5Y),
BEIO® 89 =y - £Ox; 80, 59), i=12,.n %HET5. fHEE F 33 (ORT.

[FIE2 ] st 29, 29, i=12,.nZ235HT 5. % & 33 [TRT.

# 33 FHIRBEOKEFHREE

X y eta(3) f(3) e(3) 71(3) 22(3)
0 109.9 3744 97688  12.212 6400  2.983
0 88.7 3744 97688  -8.988 6400  2.983
1 102.9 2423 91854 11046  -13.722  9.884
7 7.7 5.503 0.406 7.294 1.683 0.534




[FIE3 ] FIEL & 2 THEE SR 69 2% CTREBRZES e 1T, MR OHEEE
29 L2 aasr Atk Y LY CBEE LT, U LOBHRBRETTS.

e® =53 289 4+ 58 209 1 & i=12,...n
[FE4 ] YIF 2 LOERSHIZEY, 52 =-000056, &5 =0.0022%7%%.

[FIE5 ]| KROKEDTDDT A—2 pO & B a3+ 7.
BY =P + 59 =-1.321+(~0.00056) = —1.322
B = g 4+ 59 =2.834+(~0.0022) = 2.832
KAEFHBENLELOHEEITR D .
152 1 B |=| (~0.00056) /(~1.321) |= 0.00042 < 0.001
1591 B |=(0.0022)/2.834 |= 0.00078 < 0.001
EWHDO KM ZWiT- LT, FIA62/7<.

[FIE7 ]
ITEA NHBROEEIIIR /T A —5Z OHEEEIT,
B =Y =-1.322
B, =B =2.832
LD,

[FIES8 ]
X (B) FHED2FMEROFHAEXNCLVEEST L. FHHEEE
St(Bu ) = D Ay - T (xi: B B)¥
i=1
=(109.9 — 97.686)° + (88.7 —97.686)° +--- + (7.7 —0.404)* = 659.580
N o AR THEET 5.

0"_2 — ST(ﬂl’ﬂZ) — 659580 :47113
n-2 16-2

[FES ]
wortetk 240, 29 AEEHEL, 2,=10, 2,=10 LBEELT nx20175Z
5.



7, 2, | [-6.402 2987

7| B B |_|-6402 2987

A 1.676 0.531
2x2 DFEFATH Z'Z B L OWTHIEFET 5. W1T51%, BERMEOSEE KK 175
WCHNT D HEEZ WS,

—6.402 2.987
—6.402 -6.402 .- 1.676} —6.402 2.987 _{187.245 6.713}

Z'7Z =
{2.987 2987 --- 0.531 6.713 4404.606

1676 0531
Z'7)" - 1 4404.606 —6.713
" 187.245x 4404.606 — 6.713x6.713 | —6.713 187.245

0.00054135 -0.00000083
—0.00000083  0.00022704

RED2FR S, MO We? &

52 St _ 659.580 47113

n-2 16-2
THEE L, (Z'Z)" \CHNT Tt #d T4

00054135 —o.ooooooss}_{ 0.025505 —0.000039}
0

0000083  0.00022704 | |—0.000039  0.010696

REET L. VOSHAES 0, U, OFHEMR,
s.e.(3) =0, =0.160
s.e.(3,) =V,, =0.103

B & B REERE 725

. 0.
V=(Z'2Z)'6% =47.113 [ 0

[FIE9 ]
FIE 8 TROIEHERAZEN, HHE n-2DtHARICHED Z & &N T, 100(1-a)%
EHEXMEZRDS. B, 7 log,(D50) DHEEM & 725 DT,
By £+ Uy t(2,n—2;1- ) =2.832+0.103x 2.145 = (2.611,3.054)
2% log,(D50) DfEHEHIXM & 725, ZOEEXKEIZ, ER 2 DXL > TnH DT,
T DY IE I TlL, D50=2%%2=7.121 mg/mL. 95% D {Z#E X [ TR L95=6.106
mg/mL, E[fRIZU95=8.305mg/mL &7¢5.



# 34 NTA—ZDOEFEXMOFE T — K

y-f(4) f'(betal) f'(beta2)
X y eta(4) f(4) e(4) e(4)"2 z1(4) z2(4)
0 109.9 -3.743 97.686 12.214 149.183 -6.402 2.987
0 88.7 -3.743 97.686 -8.986 80.747 -6.402 2.987
1 102.9 -2.421 91.843 11.057 122.254 -13.725 9.900
1 86.8 -2.421 91.843 -5.043 25.433 -13.725 9.900
2 65.1 -1.100 75.020 -9.920 98.410 -15.594 24.765
2 83.3 -1.100 75.020 8.280 68.555 -15.594 24,765
3 44.2 0.222 44.476 -0.276 0.076 4.146 32.635
3 41.3 0.222 44.476 -3.176 10.090 4.146 32.635
4 18.6 1.543 17.604 0.996 0.991 16.940 19.169
4 20.7 1.543 17.604 3.096 9.583 16.940 19.169
5 5.8 2.865 5.392 0.408 0.167 11.058 6.741
5 4.3 2.865 5.392 -1.092 1.191 11.058 6.741
6 34 4.186 1.497 1.903 3.620 4,672 1.949
6 1.2 4.186 1.497 -0.297 0.088 4,672 1.949
7 6.4 5.508 0.404 5.996 35.955 1.676 0.531
7 1.7 5.508 0.404 7.296 53.235 1.676 0.531

S T= 659.580

siguma™2= 47.113
3.5. &, ERALDERRE

D10, 3 L 0UXDO0 M3k y == >4 12 [Hl#fE I F— po.

U7 EA N o B
KONDOIALD ik E X L oo BT TOHR R e V2T 0 v 7 iR TH
HZlZHRL . VITEA FlIfROFERE L CaoxT o v 72 HEY L2 &

B RRBT %

RRZE DI DARE 23 N #E 72 ] & € D% Lk

AR D IEIPEDRE DFF

LS

Ea )

FH. BLHIT — 2 DR DG AT, EDHMMRRT Y

YRHNIHE S TV DAL, Uy, AT ZIERIE SN 2 IED ML T 72 2 & Z iR
T 5, BT —2 O SD 2, FHEICHE L TRE L RDHEAITIE. Uy OERL
IR/ 2 RIED LR Z L T 5,

FEERDEE



BHY 7 b, PHAY 7 FOEngida L, MEICHBT S, fECEEIE Excel TH
B TEDEIICLIRLTHD Z & A 2T D,

ok
cHONLOMEY 7 MIEAIAEN TN TDHZ L 2R T LI L2 EET 5.
< BB O D IERIB R T OB AT, IR T LT XA DHAGA E
NTHIRY 7 FERWD Z L DR ET 2,

1Y AT 1 7 ik 95%(F HE X [H

100

504

X 3.3 7 A NHhf#go 95%( 5 HE X [
HEDOFELZMER L, 2B A o MEEREFZ2 R

T — X TORRNT & SR T O 2 fgii 7 5,
FaEst & D WX RME IO T — X DD IR L NS H Y, DB KE < 72
TSR R TOFRER TL UV,

WK% T — 2 oHEET 2 TTIEB A T e ki d %,
NS & T — 2 O HEES D T1EB A IR 5,
RRFOGEPERI & LTHNCH D, RIRHICHEE T 256 O 2 i3 %,
B/ANBUSHRGIER E LTHlc®d v, [AIRHCHEE 3 2 56 O 2 i1 %,



SISO B8 L 72\ CESE D50 2R D ks Oxfrufigan U, &2 8 #d
HIEDRIEMRTS.



4. fREtY 7 MK HHIREE

41. SASONLIN 7O vz &L b5E

SASONLINZO4' S L

Title ' photo_TX

>

id

109.
88.
102.
86.
65.
83.
44,
41.
18.
20.
5.

data dO01 ;
input
datalines ;
1 0
2 0
3 1
4 1
5 2
6 2
7T 3
8 3
9 4
0 4
11 5
12 5
13 6
14 6
15 7
7

16

H

N W

~N AN WO I WND W 00O 3O

X

2004-01-19 Y. Takahashi ’ ;

y

proc print data=d01 ;

run ;

proc nlin data=d01
parms
model
run ;

method=gauss listall maxiter=3 ;

betal=—1.1 beta2=3 ;
y =100 / (1 + exp(betal*(beta2 - x )) ) ;

SASONLINIZ & B IR 7 XD H A

MODEL.y = 100 /

@MODEL. y/@betal

@MODEL. y/@beta2

(1 + EXP(betal * (beta2 — x))) ;

(0 - (beta2 — x) * EXP(betal * (beta2 — x)) * MODEL.y)
/ (1 + EXP(betal * (beta2 — x)));

(0 - betal * EXP(betal * (beta2 — x)) * MODEL.y) / (1
+ EXP(betal * (beta2 - x)));



SASONLINIZ & 5% YR LETE
(KAEIZ 0 BiaE Y, 3[EOKE THERKT)

Iterative Phase

Sum of

Iter betal beta2 Squares
0 -1. 1000 3. 0000 876. 6

1 -1.2724 2. 8295 664. 5

2 -1. 3210 2. 8343 659. 6

3 -1. 3215 2. 8321 659. 6

WARNING: Maximum number of iterations exceeded
WARNING: PROC NLIN failed to converge.

Estimation Summary (Not Converged)

Method Gauss—Newton
Iterations 3
R 0. 000377
PPC (betal) 0. 000167
RPC (beta2) 0. 00078
Object 0. 000034
Objective 659. 5795
Observations Read 16
Observations Used 16
Observations Missing 0

NOTE: An intercept was not specified for this model.

Sum of Mean Approx
Source DF Squares Square F Value Pr > F
Regression 2 53184. 8 26592. 4 564. 44 <. 0001
Residual 14 659. 6 47.1128
Uncorrected Total 16 53844. 4
Corrected Total 15 24062. 3
Approx

Parameter Estimate Std Error Approximate 95% Confidence Limits

betal -1. 3215 0. 1597 -1. 6641 -0. 9790

beta2 2. 8321 0.1034 2.6103 3. 0540

Approximate Correlation Matrix
betal beta2
betal 1. 0000000 -0. 0023535
beta2 -0. 0023535 1. 0000000



42. IMP DAY ) TrEEIZLD#EBYRLEE

IMPDRL ) T hIZ&BTOSS5 A

// The Nonlinear regression model Photo_TX 2004-1-29 Y. Takahashi

x=[ 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6,
6, 7, 71
y=[109.9, 88.7, 102.9, 86.8, 65.1, 83.3, 44.2, 41.3, 18.6, 20.7, 5.8, 4.3, 3.4, 1.2,
6.4, 7.7 1

b=[-1.1, 31;

delta=[0, 0] ;
for( i=1, i<=4, i++,
b =b + delta ; show(i) ;
eta = b[1] * (b[2] - x) ;
fx =100 / (1 + exp (eta));
z1 = (-(b[2] - x) *xexp(eta) % fx ) x (1/ (1 + exp( eta ) )) ;
722 = - b[1] % exp(eta) :* fx % (1/ (1 + exp(eta ) )) ;
z =121 || 22 ;
delta = inverse(z *z)*z *(y-fx) ;

delta_b = delta:x(1/b) ;
show (round (b, 6), round (delta, 6), round (delta_b, 6)) ;

)5
ST = (y—fx) *(y-fx) ; show (round (ST, 6)) ;
sigma2= ST / (nrow(z)-ncol(z)) ;  show(round(sigma2,6)) ;
72pz=7 *7 ; show (round (zpz, 6)) ;
izpz=inv(zpz) ; show (round (izpz, 8)) ;
cov=inv(z *z) % sigma2 ; show (round (cov, 6)) ;

IMPDR YY) T hIZ&kBEHEHR

i:1 Round(b, 6): [-1.1, 3 ]
Round (delta, 6):[-0.172356,-0.170542] Round(delta_b, 6):[0. 156687, 0. 056847]

i:2 Round(b, 6): [-1. 272356, 2. 829458]
Round (delta, 6):[-0.048621,0.004884] Round(delta_b, 6):[0.038213,0.001726]

i:3 Round(b, 6): [-1.320977, 2.834342]
Round (delta, 6):[-0.000558, -0.002212] Round(delta_b, 6):[0.000422,-0.00078]

i:4 Round(b, 6):[-1.321535, 2.83213]
Round (delta, 6):[-0.000221, -0.000027] Round(delta_b, 6):[0.000167,-0.000009]

Round (ST, 6): [659. 579548]



Round (sigma2, 6):[ 47.112825 ]

[1847. 244564 6. 713097,
6.713097  4404.606164]

Round (zpz, 6):

Round (izpz, 8): 0.00054135 —0. 00000083,
-0. 00000083 0. 00022704]

Round (cov, 6): [0. 025505 —0. 000039,

-0. 000039 0.010696]

AR T 4 v IR DI5%IEHE X R

h=VecDiag(z*izpz*z ) ; show(round(H, 6)) ;

L95=fx — sqrt(sigma2 :* h) :%2.1448 ; show(round(L95,6)) ;
U95=fx + sqrt(sigma2 :* h) :%2.1448 ; show(round(U95,6)) ;

vhat= fx || L95 || U95 ; show(round(vhat,6)) ;

predict L95M U95M H
97.686 95.3937 99.9783 0. 0242
97.686 95.3937 99.9783 0.0242
91. 8432 86.6495 97. 0368 0. 1245
91. 8432 86.6495 97. 0368 0. 1245
75.0202 67.349 82.6914 0. 2715
75.0202 67.349 82.6914 0. 2715
44. 4765 37.1026 51.8503 0.2509
44. 4765 37.1026 51.8503 0.2509
17.6044 10.4188 24. 7901 0. 2382
17.6044 10.4188 24. 7901 0. 2382

0
0
0
0
0
0

5.3915 1.3227 9.4604 0.0764
. 0764
. 0127
. 0127
. 0016
. 0016

5.3915 1.3227 9.4604
1.4973 -0.1595 3.154
1.4973 -0.1595 3.154
0.4038 -0.182 0
0.4038 -0.182 0

. 9896
. 9896

4.3. IMP QBB TOT S LIZKBEE
IMP DFEAER 72 IR S L DT HEI Y

ST betal beta?2

Taking Steps
Taking Steps
Taking Steps
Taking Steps
Converged in the Gradient 5

o1 B~ W N

659. 579 -1.32176 2.832094

664.461 —1.27236 2.829458
659. 602 -1.32098 2.834342
659.58  —1.321564 2.83213

659. 579 -1.32176 2.832103

/¥ TIZMWAZ YT FTOITHEID */



Solution

SSE DFE MSE RMSE
659.57945234 14 47112818 6.8638778
Parameter Estimate ApproxStdErr Lower CL Upper CL
betal -1.321756743 0.15974088 -1.706492 -1.0505052
beta2 2.8320939341 0.10341431  2.62571906  3.04059641

_25 1 I 1 I T
-1 01 2 3 4 5 6 7 8

log2_dose
X 4.1 IJMP OIEIET 0 /T AL 5HHTIEHD



4.4. Excel IZ& 5% YRLEE

BlRE

DT EARHEDBRIILD AR IZKDIEREHEIF
KKLEI1RTYTI>>
(y) = deltal (x1) + delta2 (x2) : e(1) = delta*z1 + delta2*z2, H)F%4L

beta_i (1) delta (1) beta_i (2)
betal= -1.1] -0.1724 -1.2724
beta2= 3] -0.1705 2.8295
X y eta(1) (1)
0 109.9 -3.300 96.443
0 88.7 -3.300 96.443
1 102.9 -2.200 90.025
1 86.8 -2.200 90.025
2 65.1 -1.100 75.026
2 83.3 -1.100 75.026
3 442 0.000 50.000
3 1.3 0.000 50.000
4 18.6 1.100 24974
4 20.7 1.100 24974
5 5.8 2.200 9.975
5 43 2.200 9975
6 3.4 3.300 3.557
6 1.2 3.300 3.557
7 6.4 4.400 1.213
7 1.7 4.400 1.213
LINEST BI#IC kD mm/N2 5 EfE
beta2(1) betal(1) il
INT AR -0.1705 -0.1724 0
SE 0.1148 0.1235 #N/A
0.2214 6.9456 #N/A
1.9907 14  #N/A
192.0696 675.3714 #N/A

(y)
y—f(1)
e(1)
13.457
-7.743
12.875
-3.225
-9.926
8.274
-5.800
-8.700
-6.374
-4.274
-4.175
-5.675
-0.157
-2.357
5.187
6.487

(x1) (x2)
f(betal) f(beta2)
z1(1) z2(1)
-10.292 3.774
-10.292 3.774
-17.960 9.878
-17.960 9.878
-18.737 20.611
-18.737 20.611
0.000 27.500
0.000 27.500
18.737 20.611
18.737 20.611
17.960 9.878
17.960 9.878
10.292 3.774
10.292 3.774
4793 1.318
4793 1.318
xr"2  Qroot_ms

Xreg F Qerror df
X reg ss Qerror ss

T)Excel TYIARLDGE NS TRICTES A HD



B2R1E
DO EARBIRDBIED A RIZ LD IERFEIF
KKLE2RTYTO>>

(y) = deltal (x1) + delta2 (x2) : e(1) = deltaxz1 + delta2*z2, YIHF7ZL

beta_i (2) delta (1) beta_i (3)
betal= -1.27236] -0.0486 -1.3210
beta2= 2.829458 0.0049 2.8343

(y) (x1) (x2)

y—f(1) f(betal) f(beta2)

y eta(1) (1) e(1) z1(1) z2(1)
109.9 -3.600 97.341 12.559 -7.325 3.294
88.7 -3.600 97.341 -8.641 -7.325 3.294
102.9 -2328 91115 11.785 -14.811 10.301
86.8 -2328 91115 -4315 -14.811 10.301
65.1 -1.055 74180 -9.080 -15.887 24.370
83.3 -1.055 74.180 9120 -15.887 24.370
442 0.217 44596 -0.396 4214 31.437
41.3 0.217 44596 -3.296 4214 31.437
18.6 1489 18.402 0.198 17.576 19.105
20.7 1489 18.402 2.298 17.576 19.105
5.8 2.762 5.943 -0.143 12.133 7.112
43 2.762 5.943 -1.643 12.133 7.112
3.4 4034 1.739 1.661 5.419 2175
1.2 4.034 1.739 -0.539 5419 2175
6.4 5.306 0.494 5.906 2.048 0.625
1.7 5.306 0.494 7.206 2.048 0.625

NdOOSOOOCTOa R WWNDN—=—= O O]X

LINEST B LB/ 2FE LR
beta2(1) betal(1) Y5

INT AR 0.0049 -0.0486 0
SE 0.1054 0.1510 #N/A
-0.0430 6.8634 #N/A xr'2 Qroot_ms
-0.2884 14  #N/A Xreg F Qerror_df
-27.1683 6594806 #N/A Xreg ss Qerror ss

T)Excel TYIARLDGENHATRIZFREELHS



(x1) (x2)
f(betal) f(beta2)
z1(1) z2(1)
-6.399 2.982
-6.399 2982
-13.720 9.880
-13.720 9.880
-15.616 24725
-15.616 24725
4.092 32.632
4.092 32.632
16.947 19.206
16.947 19.206
11.087 6.763
11.087 6.763
4.690 1.957
4.690 1.957
1.684 0.534
1.684 0.534
xr'2  Oroot_ms

xreg F Qerror_df

%3 MIE
T EARBE DB DA KIC LB IEEREIIF
KKEIRTYTOD>
(y) = deltal (x1) + delta2 (x2) : e(1) = deltaxz1 + delta2*z2, YIHF7%L
beta_i (3) delta (1) beta_i (4)
betal= -1.32098] -0.0006 -1.3215
beta2= 2.834342] -0.0022 2.8321
(y)
y—f(1)
X y eta(1) (1) e(1)
0 109.9 -3.744 97.689 12.211
0 88.7 -3.744 97.689 -8.989
1 102.9 -2423 91857 11.043
1 86.8 -2423 91857 -5.057
2 65.1 -1.102 75.066 -9.966
2 83.3 -1.102 75.066 8.234
3 442 0.219 44551 -0.351
3 41.3 0.219 44551 -3.251
4 18.6 1.540 17.656 0.944
4 20.7 1.540 17.656 3.044
5 5.8 2.861 5.413 0.387
5 43 2.861 5.413 -1.113
6 3.4 4182 1.504 1.896
6 1.2 4182 1.504 -0.304
7 6.4 5.503 0.406 5.994
7 1.7 5.503 0.406 7.294
LINEST BA$IC Kb/ 2FiERR
beta2(1) betal(1) Uil
INTAA -0.0022 -0.0006 0
SE 0.1034 0.1596 #N/A
—-0.0481 6.8639 #N/A
-0.3212 14 #N/A
-30.2684 659.5800 #N/A

X reg ss Qerror ss

E)Excel CHI AL DB AR AT RICFEEHHS



EHEREOFHE

ST EAFBROBBALDARIZLHIERERE IR

KIEERBE>>>

(y) = deltal (x1) + delta2 (x2) : e(1) = delta*xz1 + delta2*z2, Y%L

estimate

betal= -1.32154
beta2= 2.83213

109.9
88.7
102.9
86.8
65.1
83.3
442
413
18.6
20.7
5.8
4.3
3.4
1.2
6.4
7.7

NN OoOOoOO OO, WWNN—=—=0O0OIX

TR K 2 ok Do HE

JEO R EITER LT fE R

s.e.t(14,0.05) L95 u9s
0.1597 2.1448 -1.66406 -0.97901
0.1034 21448 261031 3.053951
(y) (x1)
y—f(1) f(betal)
eta(1) (1) e(1) z1(1)
-3.743 97.686 12.214 149.183 -6.402
-3.743 97.686 -8.986 80.747 -6.402
-2.421 91.843 11.057 122254 -13.725
-2.421 91.843 -5.043 25433 -13.725
-1.100 75.020 -9.920 98410 -15594
-1.100 75.020 8.280 68.555 -15594
0.222 44476 -0.276 0.076 4146
0.222 44476 -3.176 10.090 4146
1.543 17.604 0.996 0.991 16.940
1.543 17.604 3.096 9.583 16.940
2.865 5.392 0.408 0.167 11.058
2.865 5.392 -1.092 1.191 11.058
4186 1.497 1.903 3.620 4672
4186 1.497 -0.297 0.088 4672
5.508 0.404 5.996 35.955 1.676
5.508 0.404 7.296 53.235 1.676
659.580
47113
&
Z'Z= 1847.244564 6.713096941
6.713096941 4404.606164
(22)"-1= 0.00054135 -8.25076E-07
-8.25076E-07 0.000227036
V= 0.02550452 -3.88717E-05
-3.88717E-05 0.010696322
D50 L95 U9s
7.121 6.106 8.305

(x2)
f(beta2)
z2(1)
2.987
2.987
9.900
9.900
24.765
24.765
32.635
32.635
19.169
19.169
6.741
6.741
1.949
1.949
0.531
0.531



5. Draper (3" edition) M 24 EARZE(Z L 1= A

51. EHREETILOL-HDOERI 2 Fik

(JFZORX A2 ZOE T, RU—FFTLEa I RT 40 v 7 ifIZEBOEE -
B2z THD)

Introductuion

% < OFFFOHEFRETERY EIF 5N TWAEIFET ML, BEERETLVTHY, JE
PIEERET MO TENTH L. FFREEIFET VO EHGRAUTHRE TiIR<,
—RANTITIES 2 EMTERW. R T MA R/AMET D701, #0 IR LFHE DS GEL
LD, ML LR DBRIL, ZEEHETHY, E0 XD RIERIE T A ME L) R D)
EV)BIRDOIE G AE A, IS WA TIESH 5728, £ TSRV & b
NoHRTRAT 4y 7 E e LTHRY B, EREEIRETADOE XS, #0 IR LG
FAZ X DB/ 2 FIEIZ X DR ORDTT 27

FREETIL
WILE T VT,
Vi=lo+t B+ Pt +s, 1=12...,n (24.1.1%)
DX, WRELY, ), EEONRTA—=F B, f,,... B, WMSLEE 2,,2,,...,2, DFID
BLoTWDHETHD. ZORBETANEY TRVWE I REALHEHD.

X (24.1.1%) OREWMORVET MITRTIERIBEET VEMEIND. EHE&Z 21T
LTI SN i i T o (AUC) 2y & LIEBEDNRY—FT L,

Y, = B2, i=12,...,n (24.1.2%)
X, XIZBDOREIEDMFNTNDLIDOTIHEMEET L THDL., KETROHI v TR
T4 v 7 iHR,
T1+ exp(—ﬂl(llrﬁxi) ~In(5,))) 4
LIFREET L THD.

Yi i=12,..,n (24.1.3%)

K (D) BLORX (2) 13, HIEIBET AL TH DD, REMCITRR ZRE % F-
Tns. ) i, eZKETD2HRIMERD Z LICL ST, 2EORICEH]T



5.

Iny,=Ing,+ gx, i=12,...,n (24.1.4%)
Ing % B EBEHZ D LICEY, MBET NV ERD. MIBICEBRATRER G A ICARE
AR CH 5.

Lo, & 3) 1&, ST A4 B, Sy S lCOWTHEIBCT 5 = LITRATHETH Y,
TOESRETNE, REMICIERIZLE NS,

R DIHE D&R/N2FE
(222513, FEDOR, BLORRICIRE L, oORRITEwE L7)

FEBRIE R/ 2 RIEOHAROETIL, BIEOLES LIZRY, TX5bLVOTHALR
YRR CTITMEL L TWD., ZOEWE £ 5.1 [IRT.
RELIEZETNALEZERDO L) X ET 5.

Y =f(&.6.. 0E;0,0,,....0)+¢ (24.1.5)
WDORT FVFRELE HVIUL,
ér:(flyfza-- --fk)'
0=0,6,...6,)
K. (24.1.5) 13,
Y=1(&0)+¢
£771%, E(e)=0 L {RET S 513
E(Y)=1(£,0) (24.1.6)

DX I TE D, 70, MENAWICEFBIT, DAV (e)=0® ThHHAIL,
WE, c0N0,02) LEQZLENTE, o THEEIE VI TH 5.

#< 5.1 Standard Notations for Linear and Nonlinear Least Squares

I FERRIE
FOSZEEL Y Y
T i=1,2,...n u=1,2,...n
A B 28 4 Xpy Xy oy Xy &5, o

(Sometimes _t =time, or

T = temperature, etc., sometimes

even X;, X,,..., Xy )

INT A—H B Base o By 6,,0,,...,6,
(Sometimes, «, 4, ...,4,...,€etc.)




n EOBHME u=1,2,..,n, kLT
Y glu §2u e fku’
EWVWIHITBE LD ETHBIX, TETNAVERLIICES ZENTES.

Y, = F (G &1 OsOore s 1B) + &, (24.1.7)
ZIT, g, Uu=12 NI UBHOBEETHY, IHIT, E=(5.5,.. &) LTI,
Y, = f(£,0)+¢, (24.1.8)

EELZELTED. ERMEBLOMEOMNEE, c0NOI0?) & HES ZENTE
5. 22U, e=(g,6,..,8) T 0 1ZBBERZ bL, T 1%, BAATHITHY, Ebic
HWER RESZFF->TWDHET L. FEMILET VB LOER bIIcT —Z % L TiRzE

D2FMAERD L HITEFRTH.

SO)=3 0, - fE.0F (24.1.9)

B2 BHEER 0 FRAETEODICE, X (2419 % 0 ICHOWTEST 5L
NbDH. 2B, 0IZOWTHEL D0 pEOTERFRAE 25, ERFERT i=
1,2, plcxtLCHOXDBE & 5

of 0]
Z{Y—f(éﬂ)}{ 26 L@_O (24.1.10)

CCKRFFINCRENTEIT 1(E,0) D 6 I[ZONTOEREERY, 0°s 1 I%f
JETHITO 6's TR LD, B £(E,.0) RO L X, TR, & DR
ORI LY, s ERLEERN. 2T

f(&,0)=6¢, +6,5,, ++65,,
B,

af
8

1%, 0IZOWTHNLTH D, ZhUZ, 6,6,,....0, DB HERAOE TOERFEA L

B BTN, 0°s ICBWTIERE CH L L &, EHFRRGIEIE L 72 5. HHia ),
FERIEET LD LD DONRTA—F 0 a2 RLTHLD.

=&, 1=12,...p

BIE EFLY=fO.)+c DODR/N 2 Tl 0 235 OICERTRAEIEY
WE LIS, 22T, nfOBE (Y1), (Yo.t)m (Y1) IZ2OWT f@,t)=e" 2%
2595, 01OV TORMSITE



-0t

oA _
00
THY, K(Q4.110) ZHNDE, —OOERFREANE LN,

Z{Yu - eiétu }|:_tu eiétu :| =0.
u=l

—te

7203,
n ~ n ~
2 Vet = te =0, (24.1.11)
u=1 u=1
Yte? -y e =o0. (24.1.11)
=1 =1
Th5b.

NTA—=ZR 1 HCHEMHEZRET LVOHRAETH, 0ol 1 DOESTEERA
T 0 ZRHFTZEEBES TR, b0EELDNRTA—F - EFMCEEN TN, X
SICHEHMEZR G AT, ERTBRRXOMES S Z L0, WiRcEECRY, KEEE, 13E
TRCOFHIHEDRTIIER 572 5.

S OEATERIT, BI% S0) 0% < ORIEICHIE LT, BROBNEET S 2 L
Thbd. FMERTNNTA—FOHET H-OICHNONTE R HEEmTHZ EICL L

9.

5.2. EEHRRD/INS A —RHETFE

b HEOIEOMBEIC BT, R (24.1.10) 2EX T L TREEEZHOTHE OR
ROLEFTHD. ZOHENI DI NEI L, FERRXOBEHLN L EEL
IZEDTRIFT D, WL ODOBEF LN TS FiEIE, Hdarea—2RETIHEC
Ko TR A—FWEMHEEHDL ZENARETHD. 22T, £0H2HD 3o, (1) #
HAYE, (2) wAAETE, (3) Marquardt JEI2 DWW Tl X 9.

ALY (linearization) F 717 — 7 —EBAIEIL, BEBEOICHRIE R 2 IEORE R %
5. E LEZEF AR, 3 (2418) THBELLED. Og,0p,....008, T A—4
0,,0,,....0, DMIEL L L 5. T boggiiE, Mmegeftillic X5, £7203, F
FRTREZR I MU B W T TR 2 HE B T H K.

(72 & 2%, B 5 FRETORTI L O R HRBRAZ Y TUID 7 & ZDIFHMIZ L > TR
SNTETH LWL, FERE ORBROHFRICESNT “KIKIELWY LRI



BETHOTH L),

D OFBAEE, S EITHAT 28R R REIC L > TR SN Z &2 FL T
%.

b L, 0,=(0,0x,....0,) THDEIMABA 2 b0 DIET 1(E,,0) DT — T — &b %
17720, —IRM CIRAZ LD 572 61E, 0730, (TEPIZES< EER 5.

f(¢,.0) = f(éu,ao)é{af%”’)}” 6,-6,) (242.)
HL,
(0= 15,00,
B =6,~0y,
zgz{af(év”)} , (24.2.2)
o6 |,

ERTIE,, X(24.1.8) NIEBEIICKRDIEIC

p
Yu - fu0 = Zﬂiozi% Té, (2423)
2%, Wiz, BIRL7-ERlE T (24.11) TRLULTEBIBEO L 725,
MIEE N 2 BIEOHGGZWAT 5 2 212X, 437 2A—4% p2i=12,.. ,p&HET 5

ZEIMTED.
bL, ROXIITETI,

0 0 0

Z, Zy Zpl

0 0 0

Z,, Zy Z,
Zy=| ., L= {ziy, nxop, (24.2.9)

Zlu ZZu Zpu

Zy Zy zy,



Y, - f
by Y, - £
by .
by=| |,  »-= o =Y-1. (24.2.5)
: Yu - fu
0
bp
_Yn - fno_

Bo=(BL.B3..... BY) DHEERL, HBIARKLT
by =(ZyZ,) " Zy(Y - £°). (24.2.6)
ko THEZbNS.
R MU IE, LERST, 2 A

$5(0) = Z{Y — £(&,.60,) —iﬂf’zi‘i} (24.2.7)
u=1 i=1

, B0=0-0,THoHrLop,i=12.. . ,p/McTHTHAD.
b =0,-6,EL ET5HE, 6,,i=12,...,plF, KESNT-0 DIRKBHEER L E2 T
AN
W2 EREET L2 Lz X (24.1.9) 1B 5FEHS0) &, T /LORIEIT
PR Z AWz R (24.2.7) 1ITBIT D FHFISS(0) & OFEWITIEREZIL Y LERH 5.
ZIT, ko Gy FELERERTIESNIHER 6,222 TE, |k
DR (24.2.1) 1B (2427) TRBINIZFIHELTXTORT 0 %2 1 ITESH#Z, E
MEICEITT D, ZHUCE-» T, WESHEHEER 60,0880, UTFRRICKESH
L. X7 MVOETRIORTIELZILET 572 061E, 2EDOLHICEL I ENTES,

0i..=0;+bj, (24.2.8)
0.,=0,+(Z,Z,)"Z,(Y - f)

I,
Zj :{Zi‘u}y
VAETCA A A1 (24.2.9)
0,=(0,.6y.....0,)

Thod.

- OREOFIEL, ANET 5 ETET bNSE. SED, TS | (j+1) DK
BIZBWWT,
Oy — 05} G l<o, 1=12,....p
LIRHIET, 22T, S, o ULOEDLNLE (& ZF0.000001) THS.



FAEFINADOASBBE T, S(0;) 1%, & DEMNEBRTHD LIeh & 5 a2 ilei»d 512D fE

PID.

WAL DFNEL, o 2FEDORIEICK LT £ L < RUVIROMWEE Z RO RetER & 5.

1 ZORHRFE DD TEY ; $72bb, M S0;) 75 oIz fE>T—H L Td
LTWTh, MBRZETHETILEEDLOTEORBEENLELTDH. ZOMDIRD %
WX, RlcEBED.

2. T2 FTBOHHIIZIRVEIPH CTIREN T2 2 LB Y, SEHMOWEAD & REROHE RS L
FLEBED. 2L 006, I RELET 5.

3. BKTURLARWENY 2y, BMSRZTHDT, FHMIREZ LITRY 22 <R
HIENDD.

B DKM EHER D 7201, G E. P. Box DFFED & &2, Booth & Peterson (1958) 12 & -
TIERIEHEE 7 2 7 F 4, IBM, SHARE Program Pa. No. 687 (WLNLI), 2A&E»ii. =
i, X (24.2.8) OHOEIE~Y FbiE, b L,

S(0,.,)>S(0,)
mHiE, L,

S(0;.1) <S(0;) -
ROIE, T 28O REEZT R T, ZO¥0H2WVIIMETT L2 FIHL, 6, & 0,,
DD 3 53, S(0) DRFTHI 2 f/IMEZ S £ TR b s, 2 ROMMED, K
ik R 7ooicfibi, B, KEOHA 7 ANEED.

Him b, ZoOFBEEICBORT S (Ov— b Lb—, 1961 FE M) 23, FEEE L, K
M EBELDNE L. BIBATEE ROICERATH Y, £< OB MEZ
DELMRRT DIEAL D TR ELATHRNEXIL, BTV 44 FixkSH) OFA
FA=421k, HDHNE, v — FOFRIEDOHHZZE T XETHD.

A Remark on Derivatives. Many computer programs that use a method needing the values
of the derivatives of a function at certain points do not use the functional values of the
derivatives at all. Instead they compute ratios such as
{f (64,610,005, 60 + 1y, ,0,0) = T(&,,610,61,--,0,0)H Iy,
i=12,...,p,
where h,, is a selected small increment. The ratio given above is an approximation to the

expression



of(&,.0)
6, .,

since, if h, tends to zero, the limit of the ratio is this expression by definition.

WAL DRAIZHAHER  ( BIRTOEM )

ESHFFAOREL SO) 1%, 0T DRI A =B EEFLTLEETHY, T—X1LS0)
NOEEREEREL, ZhBIHMEEOREDHMEOHEMED-OICEHESND.
BEEZE T, 3720, p-kTORIF17260,,6,,...,0, %M TH Y, BISO)1F, %
#% (the contours of asurface) IZ L > TEDOTZLENTE D, 0's DHTETIANRIEE -
A, BONTRMEER 0 1Tk o TEXRSNWMIE SO) 0%ERITEHERT, —o
DT 7 e IME URBHIIZ S OME—2 D) (2725 ThA 5. T ANIEREOLEE,
EEAIIE AR TIE ARV, AEAIT, LiIFUE “NFFET Ly, A n o
DORIMERH Y, BF 6L 1 DL ORI i/ N3 d v, Fiuk, p=2 IZxfT %
241 DB TO—20-5 L0 b o L L DRITEET H0H LILRW.
24.1a 1%, S(0) DFHEHEALO =D DEFEME “FHORT L 2L, X 24.1b 23, FE
BMIEET LD DS(0) EEmiia R L TN,

&
F

'55

Cant

8 (Global minimum)

'--.-_‘_‘_‘-‘-“‘-
b= xx)pxy [ N
//__ T— *f8, (An initial poin

PES

60 79 \—E\
S

> fl B H‘::j I >
' Local minimum '
(@) (b)

X 24.1.  (a) BUEHAEL Y =0, X, +60,X, +¢& AW TOREIIRD S(0) 25,

ZORT NN DENEO B FES TS, (b) 2 SORUIMIEE A 2 12 IEEHE T L DI DR
BillZe S(0) O%mEME. HHEOMIT 0 THLN, KA LU FPO~ORELEED. Fxv7
LT, KEETOMIE, W<O»D ) EBMBIESTHHIE 0, »HAX— L THLIRE
Thb.



EMERTERB XS0 OESESHROTHIE, ETNET—XIKGET . &/ FTHE
B0 RS &L, JEFICHOTT, S(O) D “Ryr@ms” i, SO)IZiFnL?
REVHERTODO L LT, “BEXV LS REL D AR QAN FIEN DI
ZORBEIZbRENE S b, 0 1%, FE LG 2 EAREND LRy, EBE
PRE, BEINT A — b INTZET A THDLEBIEMTES. 322bb, LWETHD L

NEL DNT A= EFFoTWDLEGR, HDHWE, RNTA—FEHETHZ L &6
L7eWREY 27 — 2 L ARE LG5 THL. ZHIE, RE—ETHY, HDH 1o,
i 7 DN RR D OFIL, EFRO & Z A% H O TAIETR E 72138 R Ik FE T 5.

Bl z1E, X(4.13) O f(1;6,,60,) #ZE 2 THLS. ZHUE, t=0THEY, t=o THKD
LI THLHMBT, LTI —2 2 o0, TO RO t=0 TOMEEHT
6T, =71

toea = IN(0,16,)1(6, - 6,) .
Thb.
T = ISBIZHBR OO DE Gy 2 T13— (K 24.2a 2B M) T50THIE, 6% 9 %<
HeETE DN, 6, 1T TEA0. BEICOVTE, 2420 DX H izt —7
IZEET DOV TDIFREHFRTILR SR, 1 DODONTF A —=FET LY =0t+¢

¥ X 2428 OF—ZIZHWYITH LD, TNHDOT—HIX, 2 DD/RTA—H « ET )L,
X (24.1.3) OHEIZABEYITH 5.

%%Mﬁ%i MR S(0) MHAX— NTHIFRBET VHD 0, OE/IMEE R
AR E EOMEEBBEICZE XD, 0, \ZBT 5 f(£,0) ODEYOKIEILNX
(MZDH;K&@@SW)ﬁ?w%rﬁbw%%ﬁéjﬁm®ﬁ?W$W)K@D%
x5, TbH, bxr) L, THIET DET ABEEMOR U RS A R > T\ 5.

Hexa M 243 HOBITRD X510, Fiud, EEOWRR (ThbBRESNEETL,
FIFITIRE /2T — 2, 0y OFIXHOALE), 35 LT, 0 ZERTITIRIEL T, EBD S(0) 0%
ERRICHEELS, HDWNIE, I EHEET 200 LRy, EAREES, kT2 “0, T
BRALSNTZ” 0, (LA S RRBO R/ R TR LS R 7 Lok
TEARA Y M2 M243DHFTREND LI 7 0, \TETDHEDIIED Z LICLHHE.
D%, 0, CRIBROBIALT 1 X EAR D KT



Hx ORLE, DT H0TIERL, K244 0HhTHRBISND X510, BRIER 0
IZEEFTHTHAHI NI 2 EThD., HMBIZIE, Z0Di%, n‘%ﬂ%béhﬁ%@iﬂﬁ
I EROBEERICHELT 20T, KEDHER 0 ITHIELTOLEE, LT
IELIRD.

I I 1 I I I I I
B = - # Original data =
¥ x Additional data

(@) (b)
X 242. (@) ZNHOT—XIL, BYOBER O, ZHEST D EILAETH LD, 0,%
GATOWD XD BN E— 712> T D L ZATIEAHRETARW. LK (24.1.3)
PMEF S NIE, SO) DFRHEIZ-HAENES S b LA (24.1.3) 2MEH S nuhig,
S(0) DREII-HLNELI 25 THAH. () Fxld, mRENZBENMOFT—Z|ZX->T
X (24.13) F0 O, BE0, O G%EH> ELFHETHZENTEDHIEAD. £z, S(0)
FEIT AT LVRBEIC A2 5725 5 .

[,

Ewentual
goal

S5 (8) contour :

5(8) contour that
passes through
initial point @,

Solution of B
linearized :
first iteration

N

8

&
[ 24.3. BEALT mE A TORMIORE. SS(O) DEEMOFEMIL, 7 F A MIFLRS

N7 X 5170, TS(O) DEERESTT 5. WL SRR, 2 RET 5. £,
T X LRI Z 2B ESND.



WRIE « FIERRIE D/ 2 D AR 7258 LOFEIRIE, 245 L 246 HiTREND.

xAaBEE
S

TILh— ki
S

Confidence Contours

Some idea of the nonlinearity in the model under study can be obtained, after the estimation
of @, by evaluating the ellipsoidal confidence region obtained on the assumption that the
linearized form of the model is valid around @, the final estimate of 6.
This is given by the formula

0-0)YZ'Z(0-0)< ps*F(p,n-pl-a),
where Z denotes a matrix of the form shown in Eq. (24.2.4) but with 6 substituted into the
elements in place of 6, everywhere, and where
s?=5@0)/(n-p).

Note that when the difference between successive values @;,, and @, is sufficiently small so

that the linearization procedure terminates with 0,-+l=é (0;, for practical purposes), then

S(é) is a minimum value of S(@) in Eq. (24.1.9) to the accuracy imposed by the termination
procedure selected. This can be seen by examining Eq. (24.2.7) with 0, B, and ZJ*

replacing 6,, A, and Z_

u?

respectively, and remembering that, to the order of accuracy
imposed by the termination procedure, b;,,= 0. The ellipsoid above will not be a true
confidence region when the model is nonlinear. We can, however, determine the end points on
the major axes of this ellipsoid by canonical reduction (see, e.g., Box and Draper, 1987). The
actual values of S(@) can be evaluated at these points and compared with each other. Under
linear theory the values would all be the same.

An exact confidence contour is denned by taking S(@) = constant, but since we do not know
the correct distribution properties in the general nonlinear case, we are unable to obtain a

specified probability level. However, we can, for example, choose the contour such that



S(0)=S(:§){1+ P_F(pn- p,l—a)},
n-p

which, if the model is linear, provides an exact, ellipsoidal 100(1—« )% boundary, and label it
as an approximate 100(1-« )% confidence contour in the nonlinear case. Note that the contour
so determined will be a proper correct confidence contour in this case (and will not be
elliptical in general), and it is only the probability level that is approximate. When only two
parameters are involved the confidence contour can be drawn. For more parameters, sectional
drawings can be constructed if desired.

In general, when a linearized form of a nonlinear model is used, all the usual formulas and
analyses of linear regression theory can be applied. Any results obtained, however, are valid

only to the extent that the linearized form provides a good approximation to tyue model.

Gridst and Plots
S

The Importance of Good Starting Value

S

Getting Initial Estimation 6,

S

5.3. AN EXAMPLE

(Emax E£7 /MZHOWT, ZREZEZICHEMIZRE L2 T, FEEOFIEIZ SV
TIERR L TV 2W3, T 5)
The example that follows is taken from an investigation performed at Procter & Gamble and
reported by Smith and Dubey (1964). We shall use this example to illustrate how a solution can
be obtained for a nonlinear estimation problem by solving the normal equations. directly, or
alternatively by the linearization method. We shall not provide an example of the use of steepest
descent (but see, e.g., Box and Coutie, 1956), nor an example of Marquardt's compromise
procedure. The investigation involved a product A, which must have a fraction of 0.50 of

Available Chlorine at the time of manufacture. The fraction of Available Chlorine in the product



decreases with time; this is known. In the 8 weeks before the product reaches the consumer a
decline to a level 0.49 occurs but since many uncontrolled factors then arise (such as
warehousing environments, handling facilities), theoretical calculations are not reliable for
making extended predictions of the Available Chlorine fraction present at later times. To assist
management in decisions--such as (1) When should warehouse material be scrapped? and (2)
When should store stocks be replaced?--cartons of the product were analyzed over a period to
provide the data of Table 24.2. (Note that the product is made only every other week and
code-dated only by the week of the year. The predicted values shown in the table are obtained
from the fitted equation to be found in what follows.) It was postulated that a nonlinear model
of the form
Y=a+(059-a) " +e (24.3.1)

would suitably account for the variation observed in the data, for X >8. This model provides a
true level, without error, of 7=0.49 when X =8, and it exhibits the proper sort of decay. An
additional point of information, agreed upon by knowledgeable chemists, was that an

equilibrium, asymptotic level of Available Chlorine somewhere above 0.30 should be expected.

T A B L E 24.2. Percent of Available Chlorine in a Unit of Product

Length of Time Average Predicted Y,
Since Produced Available Available Using the
(weeks) Chlorine Chlorine Model
X Y Y S ¢
8 0.49, 0.49 0.490 0.490
10 0.48, 0.47, 0.48, 0.47 0.475 0472
12 0.46, 0.46, 0.45, 0.43 0.450 0.457
14 045,043, 043 0.437 0.445
- 16 0.44, 0.43, 043 0.433 0.435
18 0.46, 0.45 0.455 0.427
20 0.42, 0.42, 0.43 0.423 0.420
22 0.41, 0.41, 0.40 0.407 0.415
24 0.42, 0.40, 0.40 0.407 0.410
26 0.41, 040, 0.41 0.407 0.407
28 0.41, 0.40 0.405 0.404
30 0.40, 0.40, 0.38 0.393 0.401
32 0.41, 0.40 0.405 0.399
34 0.40 0.400 0.397
36 0.41, 0.38 0.395 0.396
38 0.40, 0.40 0.400 0.395
40 0.39 0.390 0.394

42 039 0.390 0.393




The problem is to estimate the parameters « and g of the nonlinear model given in Eq.
(24.3.1) using the data given in the table. The residual sum of squares for this model can be

written as

-B(X-8)

S(a, f) =Zn:m —a—(0.59-a)e T (24.3.2)

where (X,,Y,),u=12,3,...,44, are the corresponding pairs of observations from the table (e.g.,

X, =8,Y,=0.49,..., X, =42,Y,, =0.39).

A Solution Through the Normal Equations

S

A Solution Through the Linearization Technique

To linearize the model into the form of Eq. (24.2.1) we need to evaluate the first derivatives

of

f(&.0)=f(X,ia.) 24311

—a+(0.49—q)e PX D) (24340

namely,

i:l— B (Xy-8)

oa

of -B(Xy-8)

5 ~(0.49-a)(X, -8)e : (24.3.12)

Thusif a=a;, p=p; arethe values inserted at the jth stage, as described in Section 24.2,

we have, in the notation implied in that section, a model of form (at the | th stage)

-B(Xy-8)

Yu—fujz[l—e a-«a;)

Xu

A[~(049-a,)(X, -8)e " 1(B-B,)+e

or in matrix form



+ Single point
@® Repeated point

Percent available chlorine, ¥

8 12 16 20 24 28 32 36 40 44
Age (weeks), X

Figure 24.6. The fitted curve and the observations.

where
fl=a;+(049-a,)e”™®  (243.13)

-A(X1-8) -p(x1-8) ]

1-e —(0.49 - a)(X, - 8)e
-B(Xy-8) -B(Xy-8)
Z;=|1-e —(0.49-a)(X, -8)e
1-¢ """ —(049-a)(X, -8)e """
and the vector of quantities to be estimated is
(24.3.15)
B =B
with estimate given by
Yl - flj
a—ao; _fi
L} ﬂ’ }: (Z,z,)"Z; Y- (24.3.16)
B
Yn - fnj

If we begin the iterations with initial guesses «,= 0.30 and f,= 0.02 as before, and apply Eq.

(24.3.16) iteratively, we obtain estimates as follows:



Iteration aj B; S(ai, Bj)
0 0.3000 0.2000 0.0263
1 0.8416 0.1007 4.4881
2 0.3901 0.1004 0.0050
3 0.3901 0.1016 0.0050
4 0.3901 0.1016 0.0050

Note: These figures were rounded from the end results of computer calculations, which carried
more significant figures. Numerical differences might occur if a parallel calculation were made
on a pocket calculator.

This process converges to the same least squares estimates as before, namely,& =0.39 and 3
= 0.10 to give the fitted model, Eq. (24.3.10). Note that this happens in spite of the rather
alarming fact that, after the first stage, S(«, ) = 4.4881, which is about 170 times the initial
S(ag, By) = 0.0263. The reduction in the next iteration is dramatic and practically final, the
subsequent reduction in S(a,8) being in the sixth place of decimals, which is not shown. In
some nonlinear problems no correction, dramatic or otherwise, occurs and the process diverges,
providing larger and larger values for S(#). (For a possible reason for this sort of behavior, see
Section 24.6.)

Figure 24.7_a shows the nonlinear sum of squares contours S(a,B) in the region 0 < g <
0.20, 0.28 <a < 0.90 together with the progress from the initial point (8,,a,) t0 (B, ).
The reason for this path is shown in Figures 24.76b and 24.7c. In Figure 24.7b the SS(0)
contours are relatively ill-conditioned and lead to a minimum SS(«,) value at a point
(B, ) well away from the actual minimum of S(«, ). In the next iteration the linearized
sum of squares contours are relatively well-conditioned (Figure 24.7¢) and also their center
happens to be close to the minimum point of the actual sum of squares contours, as we have
seen. Note that, in both Figures 24.7b and 24.7c, the direction of steepest descent, which

would be perpendicular to the S(a, ) contours at the starting point, would take us off in a

different direction from that determined by linearization.
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Figure24.7, (Continued) (b) Linearized sum of squares contours SS(e, ) at the point
(B,a)=(f,y,ay) = (0.02,0.30). The center of the elliptical system is at (/,, ;)= (0.1007,
0.8416) and the next iteration begins from there. (¢ ) Linearized sum of squares contours
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Further Analysis

S



Confidence Regions
We can calculate approximate 100(1 - q)% confidence contours (described in Section
24.2) by finding points («, ) that satisfy

S(a,ﬂ)=8(&ﬁ){1+ P F(p,n—p,l—q)}

n-p
=0.0050[1+ F(2,42,1-q)/21]
=S,

LT W

Some Typical Nonlinear Program Output Features
The printed output from nonlinear least squares programs varies from program to program.
However, some features are common to many outputs and we now describe and illustrate these

briefly, using the output from a Marquardt-type analysis of the example given in this section.

1. The singular values are the square roots of the eigenvalues of ZZ;, where Z; is derived
from Eq. (24.2.4) but employs the current @; value and not 6,. Widely disparate singular
values indicate a tendency toward ill-conditioning. The corresponding singular vectors provide
the orientation of the axes of the “linearization approximation bowl” with respect to the

@ -axes.

Example 1. At 6 we have the following:

Singular values: 4.964 0.773
a: -0.946 0.326
B 0.326 0.946

The ratio of the largest and smallest singular values (there are only two singular values here, of

course, but in general there would be p) is about 6.4, implying a fairly well conditioned

problem. (In an ill-conditioned problem, this ratio can be in the thousands. A ratio of 1 would
imply circular linearizing approximating contours.) To achieve the same change in SS(@), one

would have to move about 6.4 units in the S direction compared with one unit in the «

direction, Reading down the columns, we see that the first singular direction



¢ =-0.946¢ +0.326 5
is mostly in the _-a direction (the sign is not important here and is determined by the direction
of the labeling only), while

¢, =0.326 +0.946
is mostly inthe —/f direction, as Figure 24.8 confirms should be the case. Note that the sum of
squares of the coefficients (e.g., -0.946 and 0.326) is 1, apart from rounding error, and this sort

of result is true in general for all the columns.

2. The normalizing elements are the square roots of the diagonal entries of the
0=(qy)) = (Z}Zj)’l matrix. The linearized approximate correlation matrix C =((c;)) of the
6°’s is obtained by dividing each row and column of (Zij)‘1 by the two corresponding

normalizing elements, which correspond to that row and column, namely, ¢, = q; /(c; 0, )" 2.

Example 2.
Parameter: a Yo
Normalizing elements: 0.462 1.226
Parameter: o 1.000

p 0.888 1.000

The correlation between « and g is positive, indicating that variations in («,f) from

(&,ﬁ) in such a way that both increase, or both decrease, will give roughly similar SS(@)
values. We can see from the S(a, ) plot (Figure 24.8) how this can happen. [Remember that
the SS(@) ellipses around 0 will mimic the S(#) contours but not represent them
perfectly.] Although 0.888 is a high correlation, it is not high enough for us to feel that the
model is overparameterized. (For more on this point, see the “overparameterization” subsection,

below.)

3. Confidence limits for the true values of the @°’s can be evaluated on the basis of the
linearized approximation, evaluated at 0 . The limits are, typically, éiiZse(éi), where
se(d) = {appropriate diagonal element of (2;21-)‘132}1’2, where Z' is the Z of Eq.
(24.2.4) with 0 replacing 6, and 32=S(é)/(n—p). These are, roughly, 95% limits in

general.



Example 3.
Lower Limit Final Value Upper Limit
a 0.380 0.390 0.400
p 0.075 0.102 0.128

The final estimate of « is @ = 0.390 and an approximate 95% confidence band for « is
(0.380, 0.400). The final estimate of g is ﬁz 0.102 with an approximate 95% confidence
band for g of (0.075, 0.128). Note that the message implied by the width of the bands is
confirmed by Figure 24.8. (The reader may wish to reread Section 5.4. Not only is the caution
there valid but also the confidence statements made here apply only to the extent that the
linearized model is a reliable approximation to the nonlinear model) Both bands exclude zero,

indicating nonzero values for ¢ and f.
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Figure24.8. Confidence regions for (_ft a). The regions are exact, the confidence levels

approximate.
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// The Nonlinear regression model Dreper & Smith 2003-1-21 Y. Takahashi

x=[8, 8, 10, 10, 10, 10, 12, 12, 12, 12, 14, 14, 14, 16, 16, 16, 18, 18, 20, 20, 20, 22, 22, 22, 24, 24, 2
4, 26, 26, 26, 28, 28, 30, 30, 30, 32, 32, 34, 36, 36, 38, 38, 40, 42] ;
y=10. 49, 0. 49, 0. 48, 0. 47, 0. 48, 0. 47, 0. 46, 0. 46, 0. 45, 0. 43, 0. 45, 0. 43, 0. 43, 0. 44, 0. 43, 0.
43, 0. 46, 0. 45, 0. 42, 0. 42, 0. 43, 0. 41, 0. 41, 0. 4, 0. 42, 0. 4, 0. 4, 0. 41, 0. 4, 0. 41, 0. 41, 0. 4, O.
4,0.4,0.38,0.41, 0.4, 0.4,0.41, 0. 38,0. 4, 0. 4, 0. 39, 0. 39] ;
A=x|ly ;
b=100.30, 0.02 ] ; show(round(b,4)) ;
for( i=1, i<=4, i++,

alpha=b[1] ;

beta=b[2] ;

fx = alpha+(0. 49-alpha) :* exp(-beta :*(x-8)) ;

d_alpha = l1-exp(-beta :*(x-8)) ;

d_beta = —(0.49-alpha) :* (x-8) :* exp(-beta :*(x-8)) ;

z = d_alpha || d_beta ;

delta=inverse (z *z)%*z *(y—fx) ;
b=b+delta ; show(round(b,4)) ;

)
V.V
Round (b, 4):[0.3,0.02]
Round (b, 4):[0.8416, 0. 1007] 0.48
Round (b, 4):[0.3901, 0. 1004] 0.46 —
Round (b, 4):[0.3901,0.1016]
Round (b, 4):[0.3901, 0. 1016] 0.44
alpha beta >'042 i
0.40
0.38 -
0.36 \ \ \ \ \

s = (y-fx) *(y-fx) ; show(round(s,6)) ;

n=nrow(z) ;

p=ncol (z) ;

sigma2= s / (nrow(z)-ncol(z)) ;  show(round(sigma2,6)) ;



ZpZ:Z‘*Z 5
cov=inv(z *z) :* sigma?2 ; show(round(cov,6)) ;
Round (s, 6):[0.005002]
Round (sigma2, 6):[0.000119]
Round (cov, 8):
[ 0.00002545 0.00005984,
0.00005984 0.0001785 ] /* 4yHedt/yi */

SE(alpha)=0.005045 0.007736
0.007736  SE(beta)=0.01336

IMPOIEHRHETILTOFER

[ &
SSE DFE MSE RMSE
0.0050016796 42 00001191 0.0109127
INTA—A HEME ELUEESRE TREHERER LAVSHERESR
alpha 0.3901398407 0.00504641 0.37794914 0.39916741
beta 0.1016321795 0.01335831 0.07679523 0.13207624
0.9—
0.8—
0.7
@ 0.6
<
a
0.5—
1 log10_SSE
04— | / P —— —2500
1) & 8 — 2111
et -1.722
0.3 /r/ — -1.333
A e — -0.944
— —0.556
02— 17 7 1 77 — —0167
00 05 .10 15 .20 920
beta — 0.611
— 1.000

0.1 =TS D% ERX
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SAS/NLINTDO#ER

proc nlin data=d01 method=gauss listall ;
parms alpha=0.30 beta=0.02 ;
model vy = alpha + (0.49 - alpha) * exp(-beta*(x-8)) ;

run ;
The NLIN Procedure Dependent Variable y Method: Gauss—Newton
Iterative Phase
Sum of
Tter alpha beta Squares
0 0. 3000 0. 0200 0. 0263
1 0. 3169 0. 0225 0. 0259
2 0. 3312 0. 0253 0. 0253
3 0. 3552 0.0313 0. 0252
4 0. 3806 0. 0423 0. 0249
5 0. 4097 0.0729 0. 0245
6 0. 3968 0.1023 0. 00594
7 0. 3902 0.1016 0. 00500
8 0. 3901 0.1016 0. 00500
9 0. 3901 0.1016 0. 00500
Estimation Summary
Method Gauss—Newton
Iterations 9
Subiterations 9
Average Subiterations 1
R 1. 511E-7
PPC (beta) 1. 287E-7
RPC (beta) 5.613E-6
Object 1. 42E-10
Objective 0. 005002
Observations Read 44
Observations Used 44
Observations Missing 0
Sum of Mean Approx
Source DF Squares Square F Value Pr > F
Regression 2 7. 9820 3.9910 33513. 1 <. 0001
Residual 42 0. 00500 0.000119
Uncorrected Total 44 7.9870
Corrected Total 43 0. 0395
Approx
Parameter Estimate Std Error Approximate 95% Confidence Limits
alpha 0. 3901 0. 00504 0. 3800 0. 4003
beta 0.1016 0.0134 0.0747 0. 1286
Approximate Correlation Matrix
alpha beta
alpha 1. 0000000 0. 8878601

beta 0. 8878601 1..0000000
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Title "photo_TX_S_T  2004-1-20 Y. Takahashi

data dO1 ;
array x{1:16} (0,0,1,1,2,2, 3,3,4,4,
array y{1:16} (109.9,88.7,102.9, 86
18.6, 20.7, 5.8, 4

b11=-1.7 ; b12=-0.9 ; b13=0.01 ;
b21=2.5 ; b22=3.1 ; b23=0.01 ;

do b1=b11 to b12 by b13 ;
do bg:b21 to b22 by b23 ;
s=0 ;
do i=1 to 16 ;
fx=100 / (1+exp (b1*(b2-x[i1))) ;
s=s+(y[i]-Tx)*x2 ;

* output ;
end ;

55,66,
.8,6
.3,

In_s = log(s) ;
output ;
end ;
end ;
keep b1 b2 s In_s ;

proc print data=d01 ;
run ;

6.2. F1RETOEMLICED/INTA—FDHETE

BT

— Rl

3.1+ 1.250 6. 954 1.102
. T N In_s0

—6.510
3.0 /

) e M ~ 6.658
‘ 6. 806

299 |/ / \ 6. 954

f
—1.102

6. 80
?6. 658 —7.950

2.8+

2.7+ |\ . ,
\ ~— 7.102

264 |

5 5 7.250.7.102 10950

\ ‘ ‘ ‘ ‘ \
-1.5 -1.0

b1




SASIZ & B#EEIC & B R/IN2FESE

Title "photo_TX_SSO  2004-2-6 Y. Takahashi’

data dO1 ;
array x{1:16} (0,0,1,1,2,2,3,3,4,4,5
array y{1:16} (109.9,88.7,6102.9, 86. 8,
18.6, 20.7, 5.8, 4.3,

b11=-1.7 ; b12=-0.9 ; b13=0.01 ;
b21=2.5 ; b22=3.1 ; b23=0.01 ;

b10=-1.1 ;
b20= 3 ;

do b1=b11 to b12 by b13 ;
do b2=b21 to b22 by b23 ;

s0=0 ;
do i=1 to 16 ;
etal = b10 * (b20 - x[i])
fx0 =100 / (1 + exp (eta0));
z10 = (-(20 - x[i]) =* exp(etaO) * fx0 ) / (1 + exp(eta0)) ;
z20 = - b10 * exp(etad) * fx0 / (1 + exp(etaO) )
zO = ((b1-b10)*xz10 + (b2- b20)*220)
s0 =880+ (y[i] - fx0 - z0)*x2 ;
* output ;
end ;
In_s0 = log(s0) ;
output ;
end ;
end ;

keep b1 b2 sO In_sO ;

proc print data=d01 ;
run ;;
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