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1. [FL®HIZ
T—E, BT — % Ot otk T3, RIGH 2 DO EERT — % OFENTIZ 2x2
DENFROENT, 7 17—V DMHFMERE. @R H 256 kx2x2 BT 5~ T -

NCRBNLVORERENRSZMENTEE L, @iGEI T —TbHH 6 [T IFHEHE, R
T— X OFENT), 55 15 BT [HOFEFEAM — AR EE L ORHFETH T — O
T THBEROZEB LOHOE#EXH] & LTl FiFT&EE L,

Alalid, FHEAE O UENT O F ] & LT MBGlBR TORMAY 72 0 ORI DO E
FAERORMILE ) N0 4, ZoflE T [T —% Offfr ok /0L
THIENWERBONET, IMP THT T2 Z LM TEDLDOTL X 9 h, aERAERE R
ELTHRLULTHITLTHOWVDOTL X 90

AR FiF57F—Z1%, & 11 motw I F— DETHRE. EBRoxiE] T Tl
IREINTUVWET,

A lalD#FE & 323 . D. Collett (1991). Modeling Binary Data % X— A (23 5,
ZORF, MEHET VR AW EE R KEER, w7 &0 AR D IR
T — 2 OfENTEG & FN 2D 2 HT — & OfFHT O BRGRI 2215 s T s i S
NTW5b, EWEEILE 4 7 Bioassay and some applications THL Y EiF 53T
W5, FAl—FETEEDO Ny FITxt LTERE LIz X 5 G, &5 W0I3EH
W TOR—BAETHREORELELH S L5 RGEEIC o VTIE, & 6 D
Overdispersion THY EiF 50T 5%,

1) D.colleet(1991) @ Modeling Binary Data 1%, F&7s 2 fEO AW EIEIZ O
TORFHZRRLETT, 2003 I 2 A HRENL TN T, ZOW0HETHRE LY
AP S TVET,

ZHHAER COR—RATHRILOBEREZH S £ 5 25813, F 1 ¥ Example 1.4 T
IRENTWET,

Example 1.4 A toxicological study
In an article on, the design of toxicological experiments involving reproduction, Weil (1970)

describes a study in which female rats are fed different diets during pregnancy. One group of



sixteen pregnant rats were fed a diet containing a certain chemical while a similar control group
received the same diet without the addition of the chemical. After the birth of the litters, the
number of pups which survived the twenty-one-day lactation period, expressed as a fraction of

those alive four days after birth, was recorded; the data obtained are reproduced in Table 1.4.

Table 1.4 Proportions of rat pups surviving in the litters of rats assigned to two
treatment groups : 5

Treated  13/13, 12/12, 99,  9/9, 8/8, 88, 12/13, 11/12,
rats 9/10, . 9/10, 89, 11/13,  4/5,  5/1, 7/10, 710

Control 12/12, 11/11, 10/10, 9/9, 10/11, © 9/10, 9/10, 8/9,
rats 8/9, 4/5, 7/9, 4/7, 5/10, - 3/6, 3/10, 0/7

{£) Treated rats & Control rats 723 ? % 1R THE L, SAS O NLMIXED D~ ==
7 /L ® Example 46.2: Probit-Normal Model with Binomial Data & L CH|H 41TV 523,
FEIZWIZ > TV D OT, #ic LTl v b,

The object of this experiment was to investigate differences between the control and treated
rats in terms of mortality over the lactation period. In this experiment, the pregnant female rats
were independently assigned to the two treatment groups, although a response variable is
measured on each of the offsprings rather than on the mother. Because of genetic, environmental
and social influences, the offsprings in a particular litter will tend to be very similar to one
another. The binary responses from the animals of a given litter will therefore be correlated and
unless proper account is taken of this, the precision of the estimated treatment difference is
likely to be overestimated.

Experimental work in a variety of areas gives rise to problems similar to those raised by
Example 1.4. Particular examples include the measurement of the proportion of fertile eggs
produced by hens receiving different volumes of inseminate, binary measurements made on
individual members of a household in a community health project, and dental surveys that
involve counting the number of individual teeth that have caries in children using different types

of toothpaste.

Weil,C.S.(1970) Selection of the valid number of sampling units and a consideration
of their combination in toxicological studies involving reproduction, teratogenesis

or carcinogenesis. Food and Cosmetics Toxicology, 8, 177-182.



2. JMP |2 & B fR#T

21. T2 DR

Collett @ table 4.1 % JMP TEAT TX 2 KX 9ICAJI LIE L, AfFRERIZ OV TRER
1Yy NEBEITODEHED ZDBREERATHL D,

# 21 AEFERIEEIMP 5 —4% (Collettl04.jmp)

I Collett_ex104 ratz =10l =]
®IGollett ex104 rats LE ® empirical [empirical ;I
= tet | litter h ¢ rih p loeit
o 1 e 1 13| 13| 1.00 0.964 .30
o 2 [c 2| 12| 12| 100 0.962 3.22
o 3 e 3 g al 1.00 0.950 2.04
o 4 |c 4 g al 1.00 0.950 294
o 5 e 5 8 al 1.00 0.944 2.83
o & |c i g gl 1.00 0.944 283
o 7 e 7] 13| 12| o2 0.893 212
o g e gl 12| 11| ne2 0.895 204
o g e ol 10 ol 090 0.864 1.85
'{?r"t'”m“ 5200 o 10 |e 10 10 o 080 0864 1.85
tter o 11 |e 11 g g 0809 0.850 1.73
- o 12 e 12| 13| 11| o085 0.821 1.53
By o 13 e 13 5 4| 080 0.750 1.10
rin o 14 e 14 7 5 0T 0.698 0.70
empirical p o 15 e 15| 10 7| o070 0.682 0.76
B empirical_logit o] 16 |c 16 10 7 0.70 0.682 0.76
x 17 [t 17 12| 12| 1.00 0.962 .22
x 18 [t 18] 11 11| 1.00 0.958 314
x 19 [t 19| 10| 10| 1.00 0.955 .04
x 20 |t 20 g al 1.00 0.950 2.94
x 21 [t 21 11 10 08 0.875 1.95
x 22 [t 22| 10 ol 090 0.864 1.85
x 23 [t 23| 10 o 090 0.864 1.85
= Rows x 24 [t 24 g 8| o089 0.850 173
Al Rows a7l = 25 [t 25 g 8| o089 0.850 1.73
Selected off = 26 |t 26 5 4| 080 0.750 1.10
Excluded off = 27 [t 27 g 7] o078 0.750 1.10
Hidden o = 28 [t 23 7 4| 057 0.563 0.25
Labeled 0™ 29 |t 20| 10 5| 050 0500 0.00
x a0 |t a0 & a| 050 0.500 0.00
x 31 [t 3 10 3| 030 0318 -078| —
x 32 [t a7 7 o| ooo 0083|  -27 |
4] | M




1.0
0.8

0.6

S

r/n

0.4

empirical_logit
o
1

-2+

0.2

0.0

T c t Each Pair
¢ t trt Student’s t
trt 0.05

X 21 BEZLOEFRIEORIEG Litin 2y MEHAIZ KD EX

B 2.1 IR T KRR e ¥y NEBT — X 1Tk L COEIE D ZE ORGE & 3P 5 3
BERAELITRSGRVD, IMPICHESNTWS VU RF A N v 7 METIIEERE L
1372 720 A3,0.60 LL R DAETFR E 72 > T T RHMAER T test#f TIX 16 PLHH 5L TH D |
M 2.2 ITRT RO ICERINR 2x2 OFEERELZENT L L ARRAEL D, BT
DI DOENOREEEAT S & X 2.3 (2737 & 9 IZBartlettdO B Tp=0.0289 &
20 FEABEEITENE DR,

[ Tests
Source DF —-LogLike RSquare (U)
| Contingency Table | Model 1 3.931382 0.2835
Error 30 9.937382
C. Total 31 13.868764
Count 0 1 N 32
Row %
c 16 0 16 Test ChiSquare Prob>ChiSq
100.00 0.00 Likelihood Ratio 7.863 0.0050
© t 11 5 16 Pearson 5.926 0.0149
+ 68.75 31.25 . , . .
27 5 32 Fisher's Exact Test Prob Alternative Hypothesis
Left 1.0000 Prob(y=1) is greater for trt=c than t
Right 0.0217 Prob(y=1) is greater for trt=t than c
2-Tail 0.0434 Prob(y=1) is different across trt

X 2.2 %R 2x2 TOHEZEMRE O H

Test F Ratio DFNum DFDen Prob>F
O'Brien[.5] 2.7684 1 30 0.1066
Brown—Forsythe 2.0584 1 30 0.1617
Levene 3.4785 1 30 0.0720
Bartlett 47737 1 . 0.0289
F Test 2-sided 3.2498 15 15 0.0289

X 2.3 HRDEOEVDORIE



HIRRBEZIE~NDO L THD L, K 24 (RT X912, *HHEREE 16/158=0.1013, T A
I\%ﬁif“&i 33/145=0.2276 & 12.6%D7ENH D . FatHIZHH L NREDREO D,

[ Tests ]
Source DF -LogLike RSquare (U)
Contingency Table | Model 1 450802 0.0336
Error 301 129.57092
C. Total 302 134.07894
Count 0 1 N 303
Row %
c 142 16 158 Test ChiSquare Prob>ChiSq
89.87 10.13 Likelihood Ratio 9.016 0.0027
ot 112 33 145 Pearson 8.900 0.0029
-
772%: 22'12 303 Fisher's Exact Test Prob Alternative Hypothesis
Left 0.9992 Prob(y=1) is greater for trt=c than t
Right 0.0023 Prob(y=1) is greater for trt=t than c
2-Tail 0.0030 Prob(y=1) is different across trt
X 2.4 FEJRITETO 2x2 TOHEZERHE D ]
SEASIC U RRITE, Z OFI0 k5 12, BRI IE A S5 BB B IR I V0 A

FNRTWVWEWIBHER S D | FFANCZENHCT < 225 2 &M, RERIE L L TRER
BIZEI B TWD, M 21 DRy 7 A - Ty Mnbh, BERHLT Y Fbld, £
OEFERWENBIEINDGDD, HRBEELFRBEDT v FHZHND Z LRl D,
ZOZENL, BERENT X NERFEORER O —EDOFEG THAT 20 TIIR, £
WIRREHAETLOIRENE LD THAEL TWD Z ENBIBEINTWD, LIEEn-> T, iE
&mbt%émmxﬁﬂﬁmﬁﬁm@@%ﬁw ﬁ%fk@i%%$$mﬁﬁéﬁwﬁ
DEDHEOBAIC S, ZOBERN KM LT, WSRO ESEOZE BT Lic<

<725,

22. AR T4 v EIE

IMPTR VAT v/ ElRER~D, £ 2.1 OrIn¥ A 7T OT— 2 1EENS | KUdy (0,
D) (AL REZ £ 22 lORT, v PRAT 0 v 7ERT, BEREZBEDER. &
BOLEZ L& S (litter) 27 X 2R E L THRITL TR L S, K 25 ITET LD
HTIED, K 2.6 ITHEREZRT, ZORRIL, RIZHBNLLNWZ LK DL, Effect
of Wald TestD it ., p=0.9576 £ 725, X, IMPTT & A% HE % E 8 L - i3OG
DELEEOHDOLGE T, 2MERICOR AT 4 v ZEFTIEA v =R LICHELEE
NIEFEROHNZ L TWDHEDOTH Y, FERITELL 20,



#£ 22 VAT 4 v ERAT -4y b

1Ol x]
= Gollett ex104 ratz || ¢ L |
= Eource = trt litter W n
< 1|c 1 1] 13
< 2 |e 1 1 a
< 3|c 2 1] 12
o] ilc 2 1 i]
o i |c 3 1] ]
< 6 |c 3 1 1]
< 1|e 4 i] ]
FColumns @00 = 8 e 4 1 d
T o s B 0 B
[ litter © 10 [e 5 1 0
£ 56 |t 28 1] 4
x 56 |t 28 1 3
x 57 |t 29 i] 5
x 68 |t 29 1 ]
@PJ—|RFTDWS al > 59 [t a0 0 3
ws

Selected i} : B || 30 1 3
Excluded 0 g i i g 3
Hidden o * g2 [t 1 1 i
Labelled [N 63 |t 32 1] 1]

£ 64 |t 32 1 7 Fo

o | 2D

: —|E||l|
¥| = Model Specification |
—3elect Columns— —Fick Role Variables Personality: |N0mina| Logictic v|
¥ ||y .
aptional Method: |F{EML (Recommended) V|

¥
L Mﬂoﬂtﬁonaﬁﬁmmerh
Cra
[i“oﬂtfonaf
—Gonstruct Model Effect
:

Deeree

Attributes =
O Mo htercept

25 IMPIZEDETADOHTITD




| Whole Model Test

)

Model —LogLikelihood DF ChiSquare Prob>ChiSq
Difference 47.60136 31 95.20272 <.0001
Full 86.47758
Reduced 134.07894
RSquare (U) 0.3550
Observations (or Sum Wgts) 303
Converged by Objective
[ Effect Wald Tests ]
Source Nparm DF Wald ChiSquare Prob>ChiSq
trt 1 1 0.00254985 0.9597
litter&Random 32 30 22.9680406 0.8166 LostDFs

26 IMPIZXBuaYRT v 7 ROk E

F U LR ETIVIZIE L fThh T

REER— 8 2 40 U CHRAMEDO LD 2 KHEDO 1 P AT ¢ v 7 G ORERE X 2.7 (TR
7, Whole Model Test> £ JE L E DOpfEid 0.0027 & X 2.4 @ 2x2 Rk DAL

WEDpEIZ —F LT\ 5D,

| Whole Model Test

)

Model —LogLikelihood DF ChiSquare Prob>ChiSq
Difference 450802 1 9.016037 0.0027
Full 129.57092
Reduced 134.07894
RSquare (U) 0.0336
Observations (or Sum Wgts) 303
Converged by Gradient
[ Parameter Estimates ]
Term Estimate Std Error ChiSquare Prob>ChiSq Odds Ratio
Intercept 1.70261096  0.1649041 106.60 <.0001 .
trt[c] 0.48061965 0.1649041 8.49 0.0036 2.61493516

For log odds of 0/1

X 2.7 IMPIZXAua 2T ¢ v 7 BGOSR

Litter Z&7 VI A2 T UEIE L < 720



23. Rt (0, 1) Z5EEL LESEORSINEDOENT

IMPTCIE 2 JESUG TIE, 7 > & DR EZZRE LA TE RO T, 2 RIS Z G
BIEE B UK T — 2 & UTHEERICHIT L CAL S5, £ 23 [3THMBR R 2
IEZ FFOEBRT — 2 TH Y | FHERNRSUE L AR L TERELO 5T BT 2 5.
AT _E AT =X OREIE, ZOL5720, 1O2ET—¥Thd,

* 23 pEIFEBRL B LTT —F S

trt litter[1 2 3 4 5 6 7 8 9 101112 13[00%k 1D¥K n
c 1 000O0O0OO0OOO0OOO0OO0OO0OQO0 13 0 13
c 2 000O0O0OO0OOOOO0OO0OO0 12 0 12
c 3 000O0O0O0O0O0OQO 9 0 9
c

c 15 {000 0O0O0O0O0T1T11 7 3 10
c 16 [0 0 0O0O OO0 1 11 7 3 10
t 17 {000 0OO0O0O0O0OO0OO0O0O 12 0 12
t 8 {000 O0OO0O0OO0OO0OO0OO0O 11 0 11
t 19 (0 00OO0OO0OO0OO0OO0O0O 10 0 10
t

t 31 ]0 001 111111 3 7 10
t 32 11 1 1 1 1 11 0 7 7

fRIRDREEZ 1, EFZ0& L

% Fit Made =101 %]
¥ = Model Specification ]
—Select Golumns— —Pick Role Variables Persanality:

T = is

o X optiona Bl

¥ Method EMS {Traditionald b ol ]

@n (iieht | [cptionss Nemerid Estimates i xpanded Estimates
D — (He | (Fun Mode! Effect Screening  » JET tial Tes
agtional " mer PI“O"I'HG '

Fow Diagnostics *  Inverse Prediction

—Construct Mode| Effect Save Goki » Param P

b i Rlet Fower

T — Seript b Correlation of Estimates

.

Mean of Response 0161716
Observations {or Sum Wets) 303
Degree v Analysis of Variance

attributes ™

[ Mo Intercept

_

x| 2.8 JIMP |2 X A&k

Reie

FERL D 53 B S Mk

ZOHEIE, BT OHAREFHE LT, 2HOtREEZITo L EEOFIETH
0. BENHDHENCITRE 2IBENE S HSST WD E W Y HEITEEE I TR,



Analysis of Variance

)

Source

Model 31
Error 271
C. Total 302

DF Sum of Squares
13.769686
27.306222
41.075908

Mean Square F Ratio

0.444183
0.100761

4.4083
Prob > F
<.0001

[ Sequential (Type 1) Tests

)

2.9

Source

31

Nparm

DF Seq SS
1 1.206506
30 12.563180

F Ratio Prob > F
11.9739
4.1561

0.0006
<.0001

BRI 8T ER (ZOF FTIEEZ 2 D)

* 24 BGy BT

Source DF Ss ms F )
Model 31 13. 7697 0. 4442 4. 4083 0. 0000
(trt) 1 1. 2065 1. 2065 2.8811 0. 1000
(litter) 30 12. 5632 0.4188 4. 1561 0. 0000
Error 271 27. 3062 0. 1008

C. Total 302 41. 0759 .

Excel CHEMA

- trt I3 litter © ms THE.



3. SAS/LOGISTIC [C& B REDH S 2 ET—3 DFET

BYUAT 4 v 7 EREERIZLTE T BT A SAS @ LOGISTIC a3 ¥y ¢
IMP L [RIERIC KB D B D 2 O FEERT — X Ot 2 WU fNT 25 Z LILTX Z2ino
72H, LOGISTIC B> ¥ % T CLASS A7 — hMA U MRMEZ D L IZhe o7 & X1,
CLASS ZHTHE SNIZEFITOWT, ZOKEZT L DOSHE T E LIcEHADOE K
TERYR—FEhd X TR o7z,

ZAUZHOWTIL, 11 [l X — T H il RFEH overdispersion DREED AR & LT
WY BEFCEETHY . AT, KIEDH 5 267 — % Offfr O EfEOREE LT
Y EiFs, Fal, SASICR AT L L RO R G2 FHL L9,

SAS Program la. T—%2D&HEMAAH
Title 'rats_litter. sas 2005-03-22 Y. Takahashi’ ;

data rats;
input trt$ litter r n @@ ;

datalines;

c 1 13 13 ¢ 2 12 12 ¢ 3 9 9
c 4 9 9 c b 8 8 c 6 8 8
c 7 12 13 ¢ 8 11 12 ¢ 9 9 10
c 10 9 10 c 11 8 9 c 12 11 13
c 13 4 5 c 14 5 7 c 15 7 10
c 16 7 10

t 17 12 12 t 18 11 11 t 19 10 10
t 20 9 9 t 21 10 11t 22 9 10
t 23 9 10 t 24 8 9 t 25 8 9
t 26 4 5 t 27 7 9 t 28 4 7
t 29 5 10 t 30 3 6 t 31 3 10
t 32 0 7

proc print data=rats ;
run ;

31 RENEHETHEI SHE

LOGISTIC 7o V¥ TRED &% 2 {H7T — X OfFNTIE. model 27— F A FTE
Wz rn BOKGE LTHRET DI LKV AREL 72 % (aggregate 47> 3 T
DOFOECH XS ILABETH D) A3, Progrmamlb (2737 K D WZHEMICEZE L LT trt
EIRET D2 T, littter ZEICANENTT —Z Th->Th, MHTRHICITERIZ L
BRI ONWTHr VAT v 7 BT TLE D,



SAS Program 1b. litter ZEER L -ERT—42 TOHERIF

proc logistic data=rats ;
class trt litter / param=ref ref=first ;

model r / n = trt ;
run ;

Litter H{\7 (7 T A% —) TOMNT O 7=81Z1X. model A7 — h A hTscale 77> =
VRO MEND D, scale=deviance LFRETH I LICK VIS E 0, 1 & LIS
IS EFREDE 2 It T-a P AT 4 v Z R Thil 5,

SAS Program 1c. |itter IR EEE L =08 D HTRORHT

proc logistic data=rats ;
class trt litter / param=ref ref=first ;
model r / n = trt / scale=deviance ;

run ;

TOF T a Nl X AR Output la (2”3 X 9 2. Deviance O i B il A3
value/DF=2.8729 L FHH ST\ 5, 2, 32 @ litter © Deviance 23 F B 30 & 4% 4y
MCHED & Lz & ZIT, 86.1871 L7220 2 THAMITHE D & IZAeER2 DT, Control
Eotrt DFEIZDOVWTO Deviance NHHE 1 D 42 3 MICHED &3 5D TR,
value/DF=2.8729 TH| > /=B A B 1 D 2 * HAHED LB Z DD TH %,

SAS Program 1a.

Deviance and Pearson Goodness—of-Fit Statistics

Criterion Value DF Value/DF Pr > ChiSq
Deviance 86. 1871 30 2. 8729 <. 0001
Pearson 80. 6353 30 2.6878 <. 0001

Number of events/trials observations: 32
NOTE: The covariance matrix has been multiplied by the heterogeneity factor
(Deviance / DF) 2.8729.

Program 1b Tt L7ZIERTOR T AT ¢ v 7[R ORERIT, 7> =8.4946 L720 | H
HEEL D 2 0 mIcHE) & A7ed L, p=0.0036 & mEICHE LD,

SAS Program 1b.

Analysis of Maximum Likelihood Estimates

Standard Wald
Parameter DF Estimate Error Chi—Square Pr > ChiSq
Intercept 1 2.1832 0. 2637 68. 5415 <. 0001
trt t 1 -0.9612 0. 3298 8. 4946 0. 0036

1) (-0.9612) "2/0.3298°2 = 8.49427



T, litter R AZBEELZFERTH O | litter O KIEHAEID 51 < 722, litter
ZhR value/DF=2.8729 T, trt @ y*flizio> T, ZNHHBE 1 O 2 H5ARICHED &5
DTHhDH, ZORE, tt OFFIL, p=0.0855 L 725,

SAS Output 1c. Litter $hEB £ EE L -fZ4H

Analysis of Maximum Likelihood Estimates

Standard Wald
Parameter DF Estimate Error Chi—Square Pr > ChiSq
Intercept 1 2. 1832 0. 4470 23. 8579 <. 0001
trt t 1 -0. 9612 0. 5590 2. 9568 0. 0855

1) 8.49427/2.8729 = 2. 9568

SAS DT =17 ILDiREE

SCALE=scale
enables you to supply the value of the dispersion parameter or to specify the
method for estimating the dispersion parameter. It also enables you to display the
"Deviance and Pearson Goodness-of-Fit Statistics" table. To correct for
overdispersion or underdispersion, the covariance matrix is multiplied by the
estimate of the dispersion parameter. Valid values for scale are as follows:

D | DEVIANCE
specifies that the dispersion parameter be estimated by the deviance divided by its
degrees of freedom.

P | PEARSON
specifies that the dispersion parameter be estimated by the Pearson chi-square
statistic divided by its degrees of freedom.

WILLIAMS <(constant)>

specifies that Williams' method be used to model overdispersion. This option can
be used only with the events/trials syntax. An optional constant can be specified as
the scale parameter; otherwise, a scale parameter is estimated under the full model.
A set of weights is created based on this scale parameter estimate. These weights
can then be used in fitting subsequent models of fewer terms than the full model.
When fitting these submodels, specify the computed scale parameter as constant.
See Example 42.9 for an illustration.

N | NONE

specifies that no correction is needed for the dispersion parameter; that is, the
dispersion parameter remains as 1. This specification is used for requesting the
deviance and the Pearson chi-square statistic without adjusting for overdispersion.

constant



sets the estimate of the dispersion parameter to be the square of the given constant.
For example, SCALE=2 sets the dispersion parameter to 4. The value constant
must be a positive number.

You can use the AGGREGATE (or AGGREGATE=) option to define the
subpopulations for calculating the Pearson chi-square statistic and the deviance. In
the absence of the AGGREGATE (or AGGREGATE=) option, each observation is
regarded as coming from a different subpopulation. For the events/trials syntax,
each observation consists of n Bernoulli trials, where n is the value of the trials
variable. For single-trial syntax, each observation consists of a single response, and
for this setting it is not appropriate to carry out the Pearson or deviance
goodness-of-fit analysis. Thus, PROC LOGISTIC ignores specifications SCALE=P,
SCALE=D, and SCALE=N when single-trial syntax is specified without the
AGGREGATE (or AGGREGATE=) option.

The "Deviance and Pearson Goodness-of-Fit Statistics" table includes the Pearson
chi-square statistic, the deviance, their degrees of freedom, the ratio of each
statistic divided by its degrees of freedom, and the corresponding p-value. For more
information, see the "Overdispersion" section.

AGGREGATE

AGGREGATE-= (variable-list)
specifies the subpopulations on which the Pearson chi-square test statistic and the
likelihood ratio chi-square test statistic (deviance) are calculated. Observations with
common values in the given list of variables are regarded as coming from the same
subpopulation. Variables in the list can be any variables in the input data set.
Specifying the AGGREGATE option is equivalent to specifying the AGGREGATE=
option with a variable list that includes all explanatory variables in the MODEL
statement. The deviance and Pearson goodness-of-fit statistics are calculated only
when the SCALE= option is specified. Thus, the AGGREGATE (or AGGREGATE=)
option has no effect if the SCALE= option is not specified. See the section
"Rescaling the Covariance Matrix" for more detail.

Overdispersion

For a correctly specified model, the Pearson chi-square statistic and the deviance, divided
by their degrees of freedom, should be approximately equal to one. When their values are
much larger than one, the assumption of binomial variability may not be valid and the data
are said to exhibit overdispersion. Underdispersion, which results in the ratios being less
than one, occurs less often in practice.

When fitting a model, there are several problems that can cause the goodness-of-fit
statistics to exceed their degrees of freedom. Among these are such problems as outliers in



the data, using the wrong link function, omitting important terms from the model, and
needing to transform some predictors. These problems should be eliminated before
proceeding to use the following methods to correct for overdispersion.

Rescaling the Covariance Matrix

One way of correcting overdispersion is to multiply the covariance matrix by a dispersion
parameter. This method assumes that the sample sizes in each subpopulation are
approximately equal. You can supply the value of the dispersion parameter directly, or you
can estimate the dispersion parameter based on either the Pearson chi-square statistic or
the deviance for the fitted model.

The Pearson chi-square statistic ¥# and the deviance X are given by

m Bl

{re; —

2 _ 7] il

XF ‘:2:1:32_1: Ny
m bl

X?_? = szr:jlc"g( )
=1 j=1

where m is the number of subpopulation profiles, k+1 is the number of response levels, rij is

the total weight (sum of the product of the frequencies and the weights) associated with jth

kL
level responses in the ith profile, 1 = ZJ—‘ Fif , and ey is the fitted probability for

the jth level at the ith profile. Each of these chi-square statistics has mk - p degrees of
freedom, where p is the number of parameters estimated. The dispersion parameter is

estimated by
:g%,f{mk —pj SCALE=PEARSON
F = 1’%;"{!&& —pl SCALE=DEVIANCE
imrasfsz)z SCALE=constanf

In order for the Pearson statistic and the deviance to be distributed as chi-square, there
must be sufficient replication within the subpopulations. When this is not true, the data are
sparse, and the p-values for these statistics are not valid and should be ignored. Similarly,
these statistics, divided by their degrees of freedom, cannot serve as indicators of
overdispersion. A large difference between the Pearson statistic and the deviance provides
some evidence that the data are too sparse to use either statistic.

You can use the AGGREGATE (or AGGREGATE=) option to define the subpopulation
profiles. If you do not specify this option, each observation is regarded as coming from a
separate subpopulation. For events/trials syntax, each observation represents n Bernoulli
trials, where n is the value of the trials variable; for single-trial syntax, each observation
represents a single trial. Without the AGGREGATE (or AGGREGATE=) option, the Pearson
chi-square statistic and the deviance are calculated only for events/trials syntax.

Note that the parameter estimates are not changed by this method. However, their standard
errors are adjusted for overdispersion, affecting their significance tests.

Williams' Method

Suppose that the data consist of n binomial observations. For the ith observation, let ri/ni be



the observed proportion and let xi be the associated vector of explanatory variables.
Suppose that the response probability for the ith observation is a random variable Pi with
mean and variance

E{.sz = W; anl I“":Pz‘j =—.'§>ﬂ'ﬂ:1 —';:'z-j

where pi is the probability of the event, and ﬁbis a nonnegative but otherwise unknown
scale parameter. Then the mean and variance of ri are

E{r; =mm; and Vi) =mmil — m: [l + {n; — 13

Williams (1982) estimates the unknown parameter l?L*’by equating the value of Pearson's
chi-square statistic for the full model to its approximate expected value. Suppose wi* is the

weight associated with the ith observation. The Pearson chi-square statistic is given by
V= i uln — nei)?
r ﬂeﬁ'ef.l- - 5"&}

Let g'() be the first derivative of the link function g(-). The approximate expected value of
x'is
L3
Ez = whl—aled)[L+ ¢n:—1)]
i=1
. # £ F
where i =mf{m{L—m}gm:J") and di is the variance of the linear predictor
d: +%9  The scale parameter ?is estimated by the following iterative procedure.

At the start, let wi*=1 and let %z be approximated by ri/ni, i = 1,2, ... ,n. If you apply these

E. -

2
weights and approximated probabilities to & and “—%* and then equate them, an initial

estimate of P is therefore

- xt={n—p
® = e 0 —:d)

where p is the total number of parameters. The initial estimates of the weights become

EE-'E& = []- + ':”f - l—?kbﬁ]_l . After a weighted fit of the model, fi’lis recalculated, and so is
X" . Then a revised estimate of ?is given by
X — T wl{l —wled)

A T — L —wled)

2 :
The iterative procedure is repeated until % is very close to its degrees of freedom.

Once ¥ has been estimated by ¢ under the full model, weights of L +i{m =1}  can
be used in fitting models that have fewer terms than the full model. See Example 42.9 for

an illustration.
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R (7T A% =) B2 2ME7 — % OEEIZEOH B ECTHES L 57EE, 2nE
NORENTOBRT =2 BENFCTHDZ EEZHRICLTWS, EBICIE, £En5
FOEFIAE—THY . FU litter DD (litter J X) 3K E & EITEHI 2 FH%S
BN/ E 5 K 9 723 EED Williams(1982)12 & » TEAR(L &4, SAS @ LOGISTIC
7'a vV Tl model A7 — kA2 kT scale=williams 47> 3 VEARETHZ LI
L VERERTE 5, Williams O HEIX, T2 litter O3 %, #@H O 2 THFREIZHA
TRWRID A r— LT XA —H4 ¢ % T

E{Fy=m and V{(F)=¢m{l —m]}

&L, r OHfHE L Sz

Eiry) =mm; and  Virg) =mmll — mi[l + {n; — Lid]
EEZ. pETDHEEL, HAE

(L+{n; —Ljg)™"

T LRI GIETH D,

SAS Program 2. litter $HRZEZEE L Williams DFAE
proc logistic data=rats ;
class trt litter / param=ref ref=first ;

model r / n = trt / scale=williams ;
run

SAS Output 2a. Williams DEHDIHETE
The LOGISTIC Procedure

Model Information

Data Set WORK. RATS

Response Variable (Events) r

Response Variable (Trials) n

Weight Variable 1/ (1+0.202805 %« (n - 1) )
Mode | binary logit

Optimization Technique Fisher's scoring

HEE SNTZ A — R8T A —H% ¢ 1%, Output 2a7>5, 0.2028 TH D, EBDT —H I
DONWTHELTAL D, 31 1T X HIT, litter A AWFEBRIZE D 13 LAY
WY, FEAIL 055 75 0.29 OFPH & 72D,
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3.1 William O E A

LOGISTIC 7u vV vid, A7 —NRT XA —FDOHEIIGI EHEEALODETOR T A
7 4 v BUFZAT 9, At A% Output 2b |27, HEEEIL, -1.0205, p fii 0.0581 & 72 %,

SAS Output 2b. Williams DEAFACR T 4 vV EIFRDFER

Analysis of Maximum Likelihood Estimates
Standard Wald

Parameter DF Estimate Error Chi-Square Pr > ChiSq
Intercept 1 2.1439 0.4370 24.0700 <. 0001
trt t 1 -1.0205 0. 5386 3.5897 0. 0581

EhE data AT v 7 CEHE L, RIUERRELOZ VAT 4 v /7 RIFTELND
IREELCA L 5. Program 3 1CRT L 9 ICFENEND litter SR ICES w A FFE L,
weight 27—~ A2 hTw ZHET D, fiRIT, A7 —nA/3T7 A =% T williams Z#5E
Lie b LR URESRAE IV = & SR T X 5,

SAS Program 3. EEANDEE

data rats2 ;

set rats ;
w=1/(C1+0.202805 % (n - 1) ) ;

proc print data=rats2 ;
run ;

proc logistic data=rats3 ;
class trt / param=ref ref=first ;
weight w ;
model r / n = trt

run ;



SAS Output 3. EAD2FTATR T4 v EIF

0BS trt litter r n w
1 c 1 13 13 0.29123
2 c 2 12 12 0. 30952
3 c 3 9 9 0.38132
4 c 4 9 9 0.38132
5 c 5 8 8 0.41329
6 c 6 8 8 0.41329
Ji c 7 12 13 0.29123
8 c 8 11 12 0. 30952
9 c 9 9 10 0. 35395
10 c 10 9 10 0. 35395
11 c 1 8 9 0.38132
12 c 12 11 13 0.29123
13 c 13 4 5 0. 55211
14 c 14 5 7 0.45109
15 c 15 7 10 0. 35395
16 c 16 7 10 0. 35395
17 t 17 12 12 0. 30952
18 t 18 11 11 0. 33025
19 t 19 10 10 0. 35395
20 t 20 9 9 0.38132
21 t 21 10 11 0.33025
22 t 22 9 10 0. 35395
23 t 23 9 10 0. 35395
24 t 24 8 9 0.38132
25 t 25 8 9 0.38132
26 t 26 4 5 0. 55211
27 t 27 i 9 0.38132
28 t 28 4 7 0.45109
29 t 29 5 10 0. 35395
30 t 30 3 6 0. 49652
31 t 31 3 10 0. 35395
32 t 32 0 7 0.45109

Analysis of Maximum Likelihood Estimates

Standard Wald
Parameter DF Estimate Error Chi-Square Pr > ChiSq
Intercept 1 2.1439 0.4370 24.0700 <. 0001

trt t 1 -1. 0205 0.5386 3. 5897 0. 0581
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SAS OEIET, litter WFEDOF —ZB¥MEbNTWAS, e LT, =Yy MEHTIX
7, TRy MEH LIRS TNDD, MAEDT-OIZ e Yy RS L TV W,

4.1. SAS O NLMIXED ZRAWEHEOC X T4 Y9 EFETILTD IV F LHE

Foxlx, WRFHD, R—IBEEINERL=y FORRD Ny FITONTORIG
MEROEE CTHATE DL Z L2 RTE 2. 6.14 (Collett: 1%ed.) THHAL=L Iz, =
DT, SIS TOWARWBEIET 2FAEBICER T 2B 02 LR TE 0, &
DML, EYNCHE S A2 D EIE S A0 KD R R A RIS E Enb.

SAS/NLMEXED Example 46.2: Probit-Normal Model with Binomial Data

For this example, consider the data from Weil (1970), also studied by Williams (1975), Ochi and
Prentice (1984), and McCulloch (1994). In this experiment 16 pregnant rats receive a control
diet and 16 receive a chemically treated diet, and the litter size for each rat is recorded after 4

and 21 days. The SAS data set is a follows.

data rats;
input trt$ m x @@ ;
if (trt="¢’) then do;

x1l =1;
x2 = 0;
end;
else do
x1 = 0;
x2 = 1;
end;
litter = _n_;
datalines;
c1313 ¢1212 ¢ 9 9 ¢ 9 9 8 8 ¢ 8
c 1312 ¢ 12 11 c10 9 ¢ 10 9 9 8 ¢ 1311
c b4 ¢ 7T 5 ¢10 7 «¢10 7
t 1212 t1111 t1010 t 9 9 t 1110 t 10 9
t10 9 t 9 8 t 9 8 t 5 4 7 4
t 6 3 tl10 3 t 7 0

t 10 5
run;
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Here, M represents the size of the litter after 4 days, and X represents the size of the litter after
21 days. Also, indicator variables X1 and X2 are constructed for the two treatment levels.

Following McCulloch (1994), assume a latent survival model of the form
gk =t | oy | oeige

where i indexes treatment, j indexes litter, and k indexes newborn rats within a litter. The

represent treatment means, the i represent random litter effects assumed to be iid N(O,siz), and
the e represent iid residual errors, all on the latent scale.

Instead of observing the survival times y;y, assume that only the binary variable indicating
whether y;; exceeds 0 is observed. If x;; denotes the sum of these binary variables for the ith
treatment and the jth litter, then the preceding assumptions lead to the following generalized

linear mixed model:



34 )iy o Binomial(m;,2,/)

where myj; is the size of each litter after 4 days and

By = ‘I’Ef‘{ + aij)

The PROC NLMIXED statements to fit this model are as follows.

proc nlmixed data=rats;
parms tl1=1 t2=1 sl=.05 s2=1;
eta = xI*tl + x2%t2 + alpha;

p = probnorm(eta);
model x ~ binomial (m, p);
random alpha = normal (0, xl¥sl¥sl+x2%s2%s2) subject=litter;

estimate ’gamma2’ t2/sqrt(1+s2%*s2) ;
predict p out=p;
run;

As in the previous example, the PROC NLMIXED statement invokes the procedure and the
PARMS statement defines the parameters. The parameters for this example are the two
treatment means, T1 and T2, and the two random-effect standard deviations, S1 and S2.
The indicator variables X1 and X2 are used in the program to assign the proper mean to each
observation in the input data set as well as the proper variance to the random effects. Note that
programming expressions are permitted inside the distributional specifications, as illustrated by

the random-effects variance specified here.
The ESTIMATE statement requests an estimate of 7z = taf /1 HE, which is a location-scale

parameter from Ochi and Prentice (1984).
The PREDICT statement constructs predictions for each observation in the input data set. For
this example, predictions of P and approximate standard errors of prediction are output to a SAS
data set named P. These predictions are functions of the parameter estimates and the empirical
Bayes estimates of the random effects % .

The output for this model is as follows.

Specifications

Data Set DD. RATS
Dependent Variable X
Distribution for Dependent Variable Binomial

Random Effects alpha



Distribution for Random Effects Normal

Subject Variable litter

Optimization Technique Dual Quasi-Newton

Integration Method Adaptive Gaussian
Quadrature

The “Specifications” table provides basic information about this nonlinear mixed model.

Dimensions
Observations Used 32
Observations Not Used 0
Total Observations 32
Subjects 32
Max Obs Per Subject 1
Parameters 4
Quadrature Points 7

The “Dimensions” table provides counts of various variables

Parameters
t1 t2 s s2 Neglogl ike
1 1 0.05 1 54.9362323

The “Parameters” table lists the starting point of the optimization

Iteration History

[ter Calls NeglLogl ike Diff MaxGrad Slope
1 2 53.9933934 0.942839 11. 03261 -81.9428
2 3 52. 875353 1.11804 2. 148952 -2. 862717
3 5 52. 6350386 0.240314 0. 329957 -1.05049
4 6 52.6319939 0. 003045 0.122926 -0. 00672
5 8 52. 6313583 0. 000636 0. 028246 -0. 00352
6 11 52.6313174 0. 000041 0.013551 -0. 00023
i 13 52.6313115 5. 839E-6 0. 000603 -0. 00001
8 15 52.6313115 9. 45E-9 0. 000022 -1. 68E-8

NOTE: GCONV convergence criterion satisfied.
The “lterations” table indicates successful convergence in 8 iterations

Fit Statistics
-2 Log Likelihood 1
AIC (smaller is better) 1
AICC (smaller is better) }

0
1
1
BIC (smaller is better) 1

—Jww

obhwol

The “Fitting Information” table |ists some useful statistics based on the maximized value
of the log likelihood

Parameter Estimates

Standard
Parameter Estimate Error DF t Value Pr > |t] Alpha Lower Upper Gradient
t1 1.3063 0.1685 31 1.75 <. 0001 0.05 0. 9626 1.6499 -0.00002
t2 0.9475 0. 3055 31 3.10 0. 0041 0.05 0.3244 1.5705 9. 283E-6
s1 0. 2403 0. 3015 31 0.80 0. 4315 0.05 -0.3746 0. 8552 0.000014
s2 1.0292 0. 2988 31 3.44 0.0017 0.05 0.4198 1.6385 -3.16E-6

The “Parameter Estimates” table indicates significance of all of the parameters except
St.



Additional Estimates

Standard
Label Estimate Error DF t Value Pr > |t] Alpha Lower Upper
gamma2 0. 6603 0.2165 31 3.05 0. 0047 0.05 0.2186 1.1019
t2 - t1 -0. 3588 0. 3489 31 -1.03 0.3117 0.05 -1.0703 0.3528

The "Additional Estimates” table displays results from the ESTIMATE statement. The estimate

of ™ equals 0.6602, agreeing with that obtained by McCulloch (1994). The standard error
0.2166 is computed using the delta method (Billingsley 1986).

Not shown is the P data set, which contains the original 32 observations and predictions of the

Pij-

F 41 T X MMREOHETE

oy hr— BhRE

trt litter |/m x x1 x2 alpha™ eta® p* |trt litterym x x1 x2 alpha® eta® p”

c 1 (1313 1 0 01177 1.424 0.9228| t 17 (1212 0 1 0.9182 1.8657 0.969
c 2 (12121 0 011 14163009217 t 18 |11 11 0 1 0.8895 1.837 0.9669
c 319 91 0 0087 1392 0918 t 19 |1010 0O 1 0.8582 1.8057 0.9645
c 4 (9 9 1 0 0087 1392 0918t 20|9 9 0O 1 0.8238 1.7713 0.9617
c 5 |8 8 1 0 00772 1.38350.9167| t 21 |1110 O 1 0.3084 1.2559 0.8954
c 6 |8 8 1 0 0.0772 1.383509167| t 22|10 9 0O 1 0.2633 12108 0.887
c 7 1312 1 0 0.0223 1.3286 0908 | t 23|10 9 O 1 0.2633 12108 0.887
c 8 (1211 1 0 0.0138 13201 0.9066| t 24 |9 8 0 1 0.2129 1.1604 0.8771
c 9 |10 9 1 0 -0.0041 1.3022 0.9036| t 25|9 8 0 1 0.2129 1.1604 0.8771
c 10 |10 9 1 0 -0.0041 1.30220.9036| t 26 |5 4 0 1 -0.0763 0.8712 0.8082
c 11 |9 8 1 0 -00133 1.293 0902t 279 7 0 1 -0.1516 0.7959 0.787
c 12 |13 11 1 0 -0.0669 1.23940.8924| t 28 |7 4 0 1 -0.6313 0.3162 0.6241
c 13 |5 4 1 0 -0053 1253308949 t 29 |10 5 0 1 -0.8251 0.1224 0.5487
c 14 |7 5 1 0 -012761.17870.8807| t 30 |6 3 0 1 -0.7596 0.1879 0.5745
c 15 |10 7 1 0 -0.1828 1.12350.8694| t 31 |10 3 0 1 -1.2687 -0.3212 0.374
c 16 107 1 0 -0.18281.12350.8694| t 32 |7 0 0 1 -1.9976 -1.0501 0.1468

Parameter({t1 = 1.3063, t2 = 0.9475}, x1*tl+ :x2*t2+ :Name("alpha™"))

Normal Distribution( :Name("eta™"))
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5. FEDEE (Collett)

Litter (FIfE) 2R oOFHEELEL U<, BHREICL 2%, Willams OELOFEH, 7
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WORMEMETH DI b LT litter DZ X LR L LT, ey ML DN
e Yy PEHEIZOWT T X AR IE B 4 AT alpha ~ normal(0,
X1*s1*s1+x2*s2*s2) L7205 Z & AT L T\ 5, it T, Litter 13D K 9 72 5A1213.
William @

EH LN HIICE F LUV D> Colette DEEICFIEDOHINH LD T R TH LI,

ZOTETHE, Hald, BRBEEOETT MH ) 2N TELEOFEEZRFTLTE
. EEMIC, RI-EShTHD.

TEL: v VT A (6.4 )

Fik2: RE)-EEOMEH (AHEICK5%) (6.5 )
FiE3: _R—=F 2HET /L (6.6 f)
FlE4: T R (6.7 FHi)

FiE5: EFL 4O (6.7.2 H)

Fexlx, FIEIN, FELICESSEOFMRICH S TERIRMECZ LW ERTER
ZLT, ZOFEIOFIHL, SHICHFIESND IRV, FESIL, LIXULIETFE
LIZHERICBII /R E 52, BRI, 70X DROGHPN/NENE ZIZOHREETH
D, FESIE, —RECEIDD ZENTERY. RBEL, 70X LMREELET L
OHTIFOTHEATEDa v Ea—F VY7 o=T1%, LOIESFAAREL - TE
TEY, bIFPEMRRT 7e—F LV EHRICEETE 2 X5 Rl FiEc 2 L5 2
Sl FERILZEGRIT, T2 TEMAT 22N TE, 2, SHICEMEIZ
WHTE20TH5N, 2R (the binomial denominators) 23§ X TE LW E &2
HEYBTHD.
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6. SAS/GENMOD 7Ra < < v TOEMH

SAS/GENMOD 7 u v V¥ THNREDH 5 25T — X DT 2ITH Z M TE 5, A
= VX7 A—H % deviance & L7ofiMTHRE R A ~9, LIGISTIC 7'u i vy OfERE—
HLTWD I EDRHENDHILD,

proc genmod data=rats ;
class trt / param=ref ref=first ;
model r / n = trt / dist=binomial link=logit scale=deviance ;

run ;
The GENMOD Procedure
Model Information
Data Set WORK. RATS
Distribution Binomial
Link Function Logit
Response Variable (Events) T
Response Variable (Trials) n
Number of Observations Read 32
Number of Observations Used 32
Number of Events 254
Number of Trials 303
Class Level Information
Design
Class Value Variables
trt c 0
t 1
Criteria For Assessing Goodness Of Fit
Criterion DF Value Value/DF
Deviance 30 86. 1871 2. 8729
Scaled Deviance 30 30. 0000 1..0000
Pearson Chi-Square 30 80. 6353 2. 6878
Scaled Pearson X2 30 28. 0675 0. 9356
Log Likelihood -45. 1010

Algorithm converged.

Analysis Of Parameter Estimates

Standard Wald 95% Chi-
Parameter DF Estimate Error Confidence Limits Square Pr > ChiSq
Intercept 1 2. 1832 0. 4470 1. 3072 3. 0593 23. 86 <. 0001
trt t 1 -0.9612 0.5590 -2.0569 0.1344 2.96 0. 0855
Scale 0 1. 6950 0. 0000 1. 6950 1. 6950

NOTE: The scale parameter was estimated by the square root of DEVIANCE/DOF.
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