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pN = [Mormal Distribution‘ betal * [,-’og_,x'— beta? ] + = alpha
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-

— 1 v T T T 1
22 24 26 28

log_x

g
o

23 7oty MEICKD LDy BLO LDy DHEE

LDy, # 2.4 Obeta2 725 2.0844 £ 720
LDy i, 2 2.3 Dbeta2 725 2.2781 ¢ #HESINS.




3. FALLDHETE

3.1. SALLDEEDFRHR

2 ESGT — 2 & 7 HIEHESE STkt BRI T o) ki, HEHESK S O A EKISH
HDOHE f(x) EpoTo X2, REBIE T OHERIEN f(px) ERD5EIZ pldzh /it
EEFRIND. MR f(logx) DAL, f(logp+logx) (2L VW IbRNERSND.
F 21 BIHURTOE I F—TlE, 2o ERE, HHEKS ObHLRIE, Bl IERGH
50% & 72 % X 9 7o LDsos & FRBRIR T O LDsor DIt LDsor | LDsos TEI/1M p 2 EFE L
TWe. ZD72IZ, LDsos 3 KON LDsor Z RO T B2 1k p KD D FNHE LTz,
ZOEFET, M ET, HERIGBERIATRE 2258 LLT VWO TH D
0, FHRFIADEMEC 22 5 DTET T L, RISHIEFT — % O XL 5 56 I3 e+ 5.
%< DEMRELEDEETIOERDMEDN TWIZDT, ZRHIZEEINL TV
ThHHN, SEND, EAOEHEXNEME > -RICEZS.

U DT o vy N

S (logx) =N (B, (logx - 5,))
IZx LT, RBET o7 m ey MK
f(log p+logx) =N (B, (log p +logx - 5,))
DHTITED & EITHRBIEOR NI p THS.

3.2. Finney @ Probit Analysis 3ed. (1971) M5l

FLEHOEIF—THLWMY LF7DTHLA, IMPOVer3 O Y A7 4 7 [l
T, WHEE OBREAZ HIGHIE ST, BOWE LD TH DN, TOHDNN—T 3 T
FEHAEFERD G DY, IMPTOXILZED bR > TLE>7. Finneyd
Probit Analysis 3ed. (1971) O~ ¥ A DEZRNLZIEIZ K % MorphinelZxi3 % 3 fio &
RIORIGH 2 & 3.1 1277



# 3.1 ~ U AOEBEKHESISIT K D Morphine (2% % 3 7 oS855 A1 O Ui

Drug Log Dose n r D probit logit
Morphine 0.18 103 19 0.18 4.10 -1.48
0.48 120 53 0.44 4.85 -0.23

0.78 123 83 0.67 5.45 0.72

Amidone 0.18 60 14 0.23 4.27 -1.18
0.48 110 54 0.49 4.98 -0.03

0.78 100 81 0.81 5.88 1.45

Phenadoxone -0.12 90 31 0.34 4.60 -0.64
0.18 80 54 0.67 5.45 0.73

0.48 90 80 0.88 6.22 2.07

Pethidine 0.70 60 13 0.21 4.22 -1.28
0.88 85 27 0.31 4.53 -0.76

1.00 60 32 0.53 5.08 0.13

1.18 90 55 0.61 5.28 0.45

1.30 60 44 0.73 5.62 1.01

Probit of respanse

i 1 1

| I
O .G

Log doae

0.8 1.0 1.2

Fig. 6.1. Probit dingram, with provisional rogression lines, for effects of
four analgasics on mice (Kx. 13).

x : morphine

4 : amidone

[ H
¥t

phanadoxone
pethicdine

X 3.1 7'wubt vy NEHKEOPITHRO S TITS (Fenney D)

Furty MEBLETZ L LEIE, Ke2S 0%, 100%DEAICFE R TERNI &b
HY, ERSMREDY A RO H IO ARG OBMEIIIEN TV D,



# 3.2 Finney (2 X % Morphine (259~ 5 A% Ml O HEE A

Drug pupalin 95%f= #H X [#]
Morphine 1 -
Amidone 1.248 1.024, 1.535

Phenadoxone 3.554 2.894, 4.431
Pethidine 0.333 0.277, 0.401

N DERIT, BEEIHESLRBPETICHT LD ThH o7, BRI 3 fifHH LD
T, A7+ /7»—5'@5"\:~2—§%&22, z3, 2% R 33 ITRT L OIMERT 5. Tt
D3N 1k & log rho,, log rhos, log rhoy, & LC, HEEMEp, 2RKDIED L HITHET D.
ADOBLIEE, £ 22 LFRITTHS.

# 3.3 Morphine |[Z%F9 % 3FEDOEIREAION L 2 HEE T D7D D IMP 2 — b

= Drug z2 |23 | z4 | Loegx r iy p probit P like

= 1 |Morphine 1] 1] 1] n1a 19 103 | 018 410 0173 40249
= 2 |Morphine 1] 1] 1] 0.48 A3 120 | 0.44 485 0420 a2.47
= 3 |Morphine 1] 1] 1] 0.7a a3 123 | 047 b.45 0.706 77.86
* 4 | Amidone 1 1] 1] n1a 14 a0 023 427 0.240 32.60
* b |Amidone 1 1] 1] 0.48 hd 110 | 0.49 408 0515 76.35
* 6| Amidone 1 1] 1] 0.7a a1 100 0.81 h.88 n.7sz 48.86
& 7 |Phenadoxone 1] 1 o -01z a1 a0 | 0.34 4.60 037z ha.10
& 8 | Phenadoxone 1] 1 1] n1a hd a0 | 068 b.45 0.661 a0.48
& 9 | Phenadoxone 1] 1 1] 0.48 an a0 | 089 622 0.874 a1.46
a 10 |Pethidine 1] 1] 1 0.7 13 g0 022 422 0.201 a1.41
a 11 |Pethidine 1] 1] 1 088 27 gb | 0.3z 453 0.347 h3.30
a 12 |Pethidine 1] 1] 1 1 a2 G0 | 053 h.08 0462 42.07
a 13 |Pethidine 1] 1] 1 118 3] a0 | 061 h.28 0.637 G027
a 14 |Pethidine 1] 1] 1 1.3 44 a0 073 h.G2 0.741 34.80

p’\:NormaI Distribution| betal * [ log pho? * z2 + log_rhod ¥ z5' + log_rhod * =4 + L ozX - beta?

(Finney_potency_T6.1.JMP)

F 34 [CHEBERIIFOERATT. T E XDDy 1L, Beta2 OHEEE & 720,
log_rho2 1%, Amidone®MorhinelZ*t4 520 1tk D% L L TROD LTS, ZD
FEHEZIMPO L — MIHELY L CantilogZ 318 L 7= 52 # 35 (TR LT-.

* 34 FEREIGFIC K D EE It oHEE

HTA-—4 HEE EHITESRE  HESHEER  LH{SFRERR
betal 2.4755 01732 21382 21N
betaZ 0.5674 0.029 0.5046 0.6199
log_pho2 0.0961 0.0443 0.0104 0.1864
log rhod 0.5490 0.0466 0.4600 06443
log rhod -0.4776 0.0404 -0.5569 -0.3971




# 35 3FEOEIFHID Morhine [ZxF3 5% 11k

log log log antilog
ITA—R | HEE | R L8 HEIE
betaZ 06674 | 06047 0.6198 a.6423
loe_phoZ 0.0961 | 0.0104 01854 1.2476
log_rho3 0.5490 | 0.4600 06442 a.5398
log_rhod -0.4776 -05569  -0.3972 0.3330

antilog
“T-{H
3.1963
1.0241
2.8837
02774

antilog
L8

41670
15324
4. 4080
0.4007

Finney Difif F & AT 2085 3 M1 T—EL,

0.8

0.6

>

0.4

0.2

0.0
-0.5 0 5 1

1.0

LogX

™
1.5

3.2 4FOERANI T HEMRSHADOH TITD
O : Pethidine

O : Morphine,

x : Amidone, A : Phenadoxone,

log_rho3 @ antilog TI3A 2T 2 #1E CT—.



SAS/NLMIXEDIZ & A #&EE

PROBIT D&

Titlel ’Finney_T6_3

data dO01 ;

2005-7-14

Y. Takahashi’ ;

input drug $11. log. x r n ;

z1 = (drug="Morphine’) ;
z2 = (drug="Amidone’) ;
73 = (drug="Phenadoxone’ ) ;
z4 = (drug="Pethidine’) ;
like = 0 ;

datalines ;

Morphine 0.18
Morphine 0.48
Morphine 0.78
Amidone 0.18
Amidone 0. 48
Amidone 0.78
Phenadoxone —0. 12
Phenadoxone 0. 18
Phenadoxone 0. 48
Pethidine 0.7

Pethidine 0.88

Pethidine 1
Pethidine 1.18
1.3

Pethidine

]

proc print data=d01 ;

run ;

Title2 ’<<< Parallel lines

19
53
83
14
54
81
31
54
80
13
27
32
55
44

103
120
123
60
110
100
90
80
90
60
85
60
90
60

proc genmod data=d01 ;

class drug ;
model r / n
run ;

proc nlmixed data=d01

parms betal

model like ~

run ;

= drug log_x / dist=binomial link=probit noint covb;

df=9e+8 ;

3 beta2 0.5
eta = betal*(log rho2%z2 + log _rho3*z3 + log_rho4*z4 + log x — beta2) ;

* pi =1/ (1 + exp(-eta)) ;
pi = probnorm(eta) ;
log_L= r*log(pi) + (n—r)*log(1l-pi) ;

general (log L) ;

(class) >>>>;

log_rho2 0 log_rho3 0 1log rho4 O ;

# 3.6 SASONLMIXED o Ty OFER, 37 3.4 OREF
Standard

Parameter Estimate
betal 2. 4755
beta2 0.5614

log_rho? 0. 09609
log_rho3 0. 5490
log_rho4 -0.4776

Error

0.1732

0.
0.
0.
0.

02915
04428
04661
04041

DF

9E8
9E8
9E8
9E8
9E8

t Value Pr > |t]

14.29
19. 26
2.17
11.78
-11. 82

<. 0001
<. 0001
0.0300
<. 0001
<. 0001

Alpha

0.05
0.05
0.05
0.05
0.05

Lower

2.1361
0. 5042
0. 009306
0.4576
-0. 5568

Upper

2. 8149
0.6185
0.1829
0. 6403
-0. 3984



33. AV XA MEFRFIZHT 2FREFDHM (Colett Ex. 4.3)

IR T O, WE PAOFREE L TES, F18HOEIF—0&EEHIR LD
DTHHD, THNE TCOMTFIEOLETICLY, REICEXET.

Hewlett & Plackett (1950) (2 & o Ty s mialbric, =7 XA M % (Toxicity
of insecticides flour beetles), Tribolium castaneum!Z, Shellill P31 \Z¥fiR Siiz 3 DR 70 2 7%
A O —2IZD >N THEFEINT. o7 3 BoZBFIX, 20% wv O
dichlorodiphenyltrichloroethane (DDT), 1.5% w/v @ y-benzene hexachloride (y-BHC), # k&
W, 2 O0DRAM TH 7=, FEBIE, FI50 ICD/y F8, ML Dvarying deposits THE R S
U, mg/10cm® BEAZICHASE S 472, 6 B RIS SH - EROBANREREROT -2 TH Y,
# 3.7 \TRT.

INBEDT—=ZDET LT, FHBAIOEREONEIL, BRI AT 4 v 7T
THZERE LTHWLND . IO AT v 7%, BBAIMOENTOWNT, BT O
FEEBEORRIZESNT, ZOENVEZRLZLETHD.

# 3.7 DDT, y-BHC BXOMHAT L —D a2/ X2 b RFIZ7-W\ 3 583k

Dose DDT v -BHC DDT+ vy -BHC
mg/10cm?
2.00 3/50 2 /50 28 /50
2.64 5 /49 14 /49 37 /50
3.48 19 /47 20 /50 46 /50
4.59 19 /50 27 /50 48 /50
6.06 24 /49 41 /50 48 /50
8.00 35 /50 40 /50 50 /50

3ODKBANOMIET AT 4 v 7T NAOEFRIIRITRT.

DDT : logit(p) = —4.555 + 2.696 log(dose)
y —BHC : logit(p) = —3.842 + 2.696 log(dose)
DDT+ y—-BHC : logit(p) =—1.425 + 2.696 log(dose)

3 DOFRHANIKT 5 EDSOfEIE, T TIZETNOH TUIDTLAED/RT A —ZHEE
MO/ TNT,
DDT (22Tl exp{—(—4.555/2.696)} = 5.417 mg/10cm?,
7 —BHCIZoW\WTId exp{—(-3.842/2.696)}=4.158,
DDT & y — BHC DIEAMIZ ST it exp{—(~1.425/2.696)} =1.696



ThDH. 2 OOTOFBANK T HIRA
ErbHEESND. TR I,
DDT B DLEITKT D
DDT & y - BHC DIRA# OFE%f Jiffil%, 5.417/1.696 = 3.19
ThY, REFFZ,
y —BHCIZH7 %
IRA ORI, 4.158/1.696 = 2.45
Thsb. TNz, DDT & y — BHC DEEMIE, DDT oD 3 5L Lo i TH v,

Yy OFIXT AL, HEE S 7z EDSOEO Y] 73

y—BHCHM®D 25 5L 0D LKW THD. —ODOEARBNLEHERITOVTI,
y-BHCA 27 XA & RFIZx LCL Y Hlindh 501k, FRICHLNTHD.
1.0
0.8- X
0.6
e ©
0.4
0.2
0.0 T T T T T T T
0 1.0 2.0 30
logX
3.3 In(dose)lzktT B u AT 4 v 7 BUFEO H T
DDT(—0—). vBHC (—x—). f{tlH (—a—)
7% 3.8 ED50 & 95%fF #E X [H]
34| | In(ED50) In(L95%) In(U95%) | EDS50 L95% U95%
DDT 1.690 1.587 1.800 5.418 4.888 6.051
vy BHC 1.425 1.326 1.526 4.159 3.764 4.600
O H 0.529 0.362 0.670 1.696 1.436 1.954

DDT & fFf3E, v BHC & 3 0&h /1tix#n<E4, 5.417/1.696 = 3.19, 4.158/1.696 =

245 THDHN,

JMP TIZEIAED & = AHEE TE 7200,

BIL, UFICHERETRT>>

IMP TR b 2 EHER O CTH L H. HEIX
7 iR e UCHT L7 R A R 3.9 (2”7, DDTORES

< <2005 FEIZIXTE A Z L&V

HRRH, 7 A REIfRIEr AT 1 v
W2t 2 A% il & 95%(E



FEIX ]I, 3.1940 (2.6672, 3.9552) &7¢ V), y—BHC O&4& 1%, 2.4519 (2.0663, 2.9889)

Th5b.
7% 3.9 FHBAIOPFAZIRE (C_ex403_Toxicity beetle_S21.JMP)

= Compound z1 z2 | 23 b log r f p P like

= 1 1:0DT 1 1] 0| 200 06931 3 50 0.060 00638 | 11.3644
= 2 11:0DT 1 1] 0| 264 09708 3 49 010z 01268 | 162813
o 2 11:0DDT 1 1] 0| 348 1.2470 19 47 0.404 02326 | 361221
o 4 11:DDT 1 1] 0| 459 152349 19 a0 0.380 03900 332138
= 5 11:0DDT 1 1] 0| 606 1.8017 24 49 0.480 05749 | 346706
= 6 |1:0DT 1 1] 0| so0 20794 35 50 0.700 0.7409 | 30,7538
x T2 - BHG 1 1 0| 200 06931 2 50 0.040 01220 104515
= 8 [2:7 - BHG 0 1 0| 264 09708 14 49 0286 02270 297714
= 9 [2:v - BHG 0 1 0| 348 1.2470 20 a0 0.400 03821 336844
x 10 (2:7 - BHG 1] 1 0| 459 15239 27 a0 0.540 058660 | 346607
x 11 [2:7 - BHG 1] 1 0| 606 1.8017 41 a0 0.8z20 0.7339 | 245005
x 12 [2:7 - BHG 1] 1 0| ao0 20794 40 a0 0.200 08536 | 266461
& 13 |3:DDT++ -BH 1] 1] 1| 200 06931 28 a0 0.560 06092 | 3458470
& 14 |3:DDT++ -EH 1] 1] 1| 264 0.9708 a7 a0 0.740 0767 28,7533
= 15 |3:DDT++ -EBH 1] 1] 1| 348 1.2470 46 50 0.920 08740 | 144806
= 16 |3:DDT+ -EH 1 1] 1| 4589 15239 48 a0 0.960 0.9360 86718
= 17 |3:DDT+ -EH 1 1] 1| 606 1.8017 48 a0 0.960 09687 84546
= 18 |3:DDT+ -EBH 1 1] 1| 800 2.0794 a0 a0 1.000 0.9s49 07584

1
p" = l
1+ Exp|— [beta1 *| log rhol #— =z + log rho2? # - =z + jogX — beta? ”

DUAT 4y THBOHTIEHTVA. ZL BLR2 ZAICL TN

DIE, HFZEEL L-gRIcX 28012 LT Thb.

#* 310 fHHZIROZN

HoA—A HEME FLEZERE FU{SIERER  LAl{SHEER
betal 26958 02157 2.2842 3.1307
beta? 0.5285 00773 0.3602 06677
log rhol 114613 0.099,M 0.9310 1.3750
log rhoZ 0.8959 0.0930 0.7258 1.0948

M3—A Sl log antilog

betaz HEEE 06285 1.6964

beta? T{Bl{Z$EER 0.3602 1.4336

betaZ IR %EFE R 06678 1.9499

log rhol HEEE 11613 3.1840

logrhal | F{B{E%EFE R 0.9810 26672

loerhal | _E{BI{S%AFR R 1.3751 3.0553

berho? | HEE 08959 5 4619

logrho2 | T{EI{EEFE 0.7254 2.0a660

logrha2 | _E{BI{S#EFE R 1.0947 2.9883




4. BRARIG, RENHDEE

SAS @ Probit 71 > ¥ L, 2HT —F OIS BRRICN H HGEITONT, 55
NT=T =205 BRGEHETE Ly 7 A Fhfk (EROAR) OX%TIId 21T 5 HEEE
H o TWD. JMP T SAS OFEFNZOWTBRZITVY, WIZ, BREIENH 556 D%
N~ YJEEZE R 272 9.

4.1. SAST=aT7ILDEH

Chapter 54
The PROBIT Procedure

Overview

The PROBIT procedure calculates maximum likelihood estimates of regression
parameters and the natural (or threshold) response rate for quantal response data from
biological assays or other discrete event data. This includes probit, logit, ordinal logistic,

and extreme value (or gompit) regression models.

Probit analysis developed from the need to analyze qualitative (dichotomous or
polytomous) dependent variables within the regression framework. Many response
variables are binary by nature (yes/no), while others are measured ordinally rather than
continuously (degree of severity). Ordinary least squares (OLS) regression has been
shown to be inadequate when the dependent variable is discrete (Collett, 1991 and

Agresti, 1990). Probit or logit analyses are more appropriate in this case.

The PROBIT procedure computes maximum likelihood estimates of the parameters
S and C of the probit equation using a modified Newton-Raphson algorithm. When the
response Y is binary, with values 0 and 1, the probit equation is
p=Pr(¥=0)=C+@-C)F(x'p)

where

B is a vector of parameter estimates

F is a cumulative distribution function (the normal, logistic, or extreme value)

x is a vector of explanatory variables

p isthe probability of a response



C is the natural (threshold) response rate

Notice that PROC PROBIT, by default, models the probability of the lower response
levels. The choice of the distribution function F (normal for the probit model, logistic
for the logit model, and extreme value or Gompertz for the gompit model) determines
the type of analysis. For most problems, there is relatively little difference between the
normal and logistic specifications of the model. Both distributions are symmetric about
the value zero. The extreme value (or Gompertz) distribution, however, is not
symmetric, approaching 0 on the left more slowly than it approaches 1 on the right. You

can use the extreme value distribution where such asymmetry is appropriate.

Getting Started

The following example illustrates how you can use the PROBIT procedure to com-
pute the threshold response rate and regression parameter estimates for quantal re-
sponse data.

Estimating the Natural Response Threshold Parameter

Suppose you want to test the effect of a drug at 12 dosage levels. You randomly
divide 180 subjects into 12 groups of | 5—one group for each dosage level. You then
conduct the experiment and, for each subject, record the presence or absence of a
positive response to the drug. You summarize the data by counting the number of
subjects responding positively in each dose group. Your data set is as follows:

3 41 SAS O~ == T /L TO HIKR D EH]

X log x r n p

0 . 3 15 0.20
1.1 0.0414 4 15 0.27
1.3 0.1139 4 15 0.27
2.0 0.3010 3 15 0.20
2.2 0.3424 5 15 0.33
2.8 0.4472 4 15 0.27
3.7 0.5682 5 15 0.33
3.9 0.5911 9 15 0.60
4.4 0.6435 8 15 0.53
4.8 0.6812 11 15 0.73
5.9 0.7709 12 15 0.80

6.8 0.8325 13 15 0.87




0.8 o

0.6 o

0.4+

0.2+ ©

00— T 71 T 1

log_x

41 HIRBUSDH YD 0% ~OULH I 5 71720 M

Figure 54.2 displays the table of parameter estimates for the model. The parameter C',

which i
zero do

s the natural response threshold or the proportion of individuals responding at
se, is estimated to be 0.2409. Since both the intercept and the slope coefficient

have significant p-values (0.0020, 0.0010), you can write the model for

Pr(response) = C + (1 — C)F(x'33)

Pr(response) = (.2409 + 0.7591(®(—4.1439 + 6.2308 x log,, (dose)))

where @ is the normal cumulative distribution function.

Standard
Variable DF Eztimate Error Chi-Square Pr > ChiSq Label
Intercept 1 -4.14385 1.34149 9.5419 0.0020 Intercept
Logl0O (Dose) 1 6.23076 1.89558 10.7588 0.0010
0.24088 0.05226 Lower threshold

Probit Procedure

Analysis of Parameter Estimates

Figure 54.2. Model Parameter Estimates for the PROBIT Procedure
Probit Analysis on Dose

Probability Dose 95% Fiducial Limits
0.10 2.87993 1.23353 3. 65153
0.50 4. 62448 3. 64352 5.39397

42 SAS ® PROBIT 7'm I V¥ T X HhEHE



4.2. IMP 2 & Bf#H

HARRISA RAENDH/AITIE, £ 42 ICRT XD ICHBHNBRESND 2 L%
HTH 5. FIGHEOHEERE LT, x=0 Oalogy) 258700 & 720 IMPTIEKMIE &
20, TRrEy MERBTERNOT, BICHREIECERAT S K 5 1oHiE A4 i
T2, AOXMBLEREE, NETOFEFALALTHS.

# 42 IMP OFHHE > — I (SAS_natural_response.jmp)

® log t h x P like
1 n : 3 15 0.20 | 0.2409 7.68
2 11 0.0414 4 15 0.27 | 0.2409 8.73
3 1.3 01138 4 15 027 02411 8.72
4 2 0.3ma 3 15 0.20 ) 0.2497 761
il 2.2 03424 il 15 0.33 | 0.2577 8.76
fi 2.8 04472 4 15 0.27 | 0.3071 8.7d
7 3.7 05632 ] 15 0.33 | 0.4432 9.96
2 3.8 089N 9 15 0.60 | 0.4356 10.49
9 44| 06435 8 15 0.53 | 05798 10.43
10 48 06312 11 15 073 0.6509 5.93
11 5.8 07708 12 15 0.80 | 0.8065 .81
12 6.8 08325 13 15 087 08873 5.92
Is Missing[ fog}c'] =C
ph= I
else =G+ [1 -C ]* MNormal Distribution| betal # [fog_)c'— beta? ]A
like = ;'#Log[p"]+ [ﬁ—;']#Log[‘] —p”]] (ZNETERL)

IMPOIAIEENF OFER% % 43 IRT. ARG, C=02409 £720, SASD
FERE —ELTWAD. beta2 1E, [ 43 IZHRT LIS HARRICOHEEE L 1 D
FEDH-4y 0.2409 + (1-0.2400)/2 = 0.6204 & 72 % %%k BT 0.6651, antilog T, 4.6345 &
HEE S 4L, 4.2 \ZR LTeSASOHEE DOFESR & —F L T 5.

W5,
& 43 BRKIEDH D55 O IERZMOH TIEDH

JiTH—4 HEM FLAEZERE HA{SIEERR  E{H{SFEFRF
betal 6.2308 1.8995 3.0993 10.5666
beta? 0.6651 0.0340 0.5881 0.7364
C 0.2409 0.0523 0.1365 0.3449

Farameter 1D logl0 antilog

beta? Eztimate 0.6651 46245

beta? Lower GL 05881 38732

beta? Upper L 0.7364 5.4497




1.0

0.8

0.6 O

0.4

0.2 ©

00 I T I T T T T T

log x

8 1.0

43 BIRBUG & D56 O Ds DWHERE

BOXMBEAEL, IMP T Loss (FBK) 1D X HITH S, SAS O OxtHck

JE -104.39 [Z—#T 5.

# 44 IJMP O (Loss)

v
Loss DFE fve Loss  Sgrt Ave Loss
104.39457832 9 11.599303 3.4067838
Probit Procedure
Model Information
Data Set WORK .STUDY
Events Variable Respond
Trials Variable Number
Number of Observations 12
Number of Ewvents 81
Number of Trials 180
Number of Ewvents In Contrel Group 3
Number of Trials In Contrel Group 15
Name of Distribution NORMAL
Log Likelihood -104.3545783

44 SAS ® PROBIT 7mr I ¥ ¥ (T

KD RBR



4.3. BRARIEGHHHIEEDH AL

Finney(1971) @ Probit Ananlysis (2 HASULA & D80 DR/ A S & 6O T2 4
N5, ZOBEITIE, SAS D PROBIT 711 o V% TiE, MG TERWVWOT, HfEE
ST 2l D HFIEOMENHTL 5.

Ex. 19. Maximum likelihood estimation with a natural response rate.

Martin (1940, Table 5) reported tests of the toxicity of two derris roots, W.213 and
W.214, to the grain beetle Oryzaephilus surinamensis. Of 129 control insects, sprayed
with the alcoholsulphonated lorol medium but no derris, 21 were affected; hence

¢ =0.163
deriss: 7 U 2~ AR K7 7 DB OFER, 1 DR SH DR G hA )

The first column of Table 7.1 (5 4.5) contains the log concentration (mg dry root per
litre), and this is followed by », r, p*. All moretality percentages substantially exceeded
16.3%, so that most of the information on C comes from c.
A provisional value of C was taken as 17.0%. The response rates due to the poisons
alone are then estimated: at the lowest concentration of root W.213, equation (7.2) gives
p =(0.460-0.170)/(1-0.170) = 0.349.

# 45 BAARKIENH DGO IIOFE > — & (Finney_natutal_T7_1.Jmp)

o Drue z2 Logk ¢ h p P like
o 1 |root W13 0 217 142 142 | 1.000 0937 0.49
o 2 |root W13 0 i 126 1279 0992 09357 5.87
o 3 |root W13 0 1.68 115 128 | 0898 0915 42327
o 4 |root W13 0 1.08 58 126 | 0460 0453 8695
£ b |root W2T4 1 1.749 125 125 1.000 0.990 1.28
& 6 |root W14 1 1.66 115 117 0983 0975 1028
£ 7 |root W214 1 1.49 114 127 0893 0934 4314
£ 8 |root W14 1 1.17 40 a1 0784 | 0748 26.97
£ 9 |root W14 1 0.57 a7 132 | 0280 0.271 78.34
* 10 |contrals 0 : 21 129 ) 0163 0169 5733

Is Missing[ £ogX]=C

p/\: If] ]
elss =C+ [1 -C ]*Normal Distribution| betal *[ log rho2 * z5+ I ogX - beta2]




The new version of Table 7.2 is easily

; formed,
interpretation is the same. and of course the

The computer analysis leads to )
0 =16.95%+3.17Y, |
“and b = 2.793 + 0.209,

very close to the values in Example 19. The regression lines
¥y = 1.576 42,793z,
Y, = 2.243 + 2,793z,

The potency of W.214 relative to W.213
1.734, with 95 9, limits at 2.209, 1.375.

are

18 now estimated as

IMPIZ L BIRAT DFER % # 4.6 [T . C=16.93%+3.24%, b=/, =2.797 +0.234,
#hAkelE, 1.739, 95% (S H#EIRI I 1.373, 2.200 L AT CT3MHTE T L. X 45
(2 16.92%7> 5 100% D #HiPH T H ARG 2 diHE L2 IER A 2 HIUT D 7o i R A~ 7.

7% 4.6 IMP OIERRIERIIGE AT O F

oA HEMR JF{ESERE T{{SIRFESR _LAlSHRER
betal 27973 n.2182 241649 3.3041
beta? 1.22549 0.0462 1.1355 1.3187
log rho? n.z2402 00521 0.1384 0.3424
5 0.1593 0.0328 n1112 0.2377
S log rho tho
HEEE 0.2402 1.739

FEHE$RFESR | 01384 1.375
LHISERFESR | 0.59424 2.200

1.0
0.8—-
06-
0.4—-

0.2+

0.0 T T T T T T
. LogX
45 BRSO D56 ORI D H TTD
TEHAIE, 0.164~1.0 DFEFHICONT 0~1 L7225 L 9 ICHHEEL TV 5.



4.4. RERIGHSHDHEE

FOSDY 100%I2 72 5 72205512, Finney 1%, 728342 L, CRE R L TWAD 2, §F
e/l
Occasionally account must be taken of natural Immunity ag

well as of natural responsiveness. A proportion D of subjects

may be incapable of responding even at very high doses. Equa-
“tion (7.1) becomes '

P¥=(C+P(1-C-D), (7.3)
. P _
whence P = 1-0—5" (7.4)

Van Soestbergen (1956) gave examples of the oceurence and
statistical analysis of this problem in estimating the Toxoplasma

antibody content of sera from persons and animals infected with
the parasite Toxoplasma. '

D H RN e Lz & &I,
P =C+P1-C-D)
P, HIRBUSCOBRERIGEEB L= (1-D) D% 0%2>5 100%I(272 %5 K 9 72 1F
HAOMOHTUIHHZ L2 %. IMPTIE, RIGHEOHETET, NFA—FDEMZx 5T
T, ERIEN® DG EIC OV THIBENAIRETH D, IHEEIL, T E TLFEMET
0o, # A5 OF =X CEARICRERKIEBHD L9112, T—% % —HEx THITTX
LR LTz,

47 ARG & RERISD T H 5554 (Finney_natutal_T7_1_immu.jmp)

= Crug 22 LogH r? h p P like
o 1 |root W213 1] 217 135 142 0.951 0.a7 28.1M
o 2 |root W213 1] 2 126 127 0992 0964 792
o 3 [root W213 0 1.68 115 128 0.898 0.906 4209
o 4 |root W213 1] 1.08 aa 126 0.460 0462 a26.94
£ O |root W214 1 1.79 120 125 0.960 0.966 21.07
£ G |root W214 1 1.66 115 117 0.983 0.956 11.40
£ T |root W24 1 1.49 114 127 0.898 0.925 4254
£ 8 |root W214 1 117 40 a1 0.784 0.761 26.67
£ 9 |root W214 1 0.57 a7 132 0.280 0.276 78.31
L] 10 |controls ; 0 21 129 0163 0.165 57.31

Is Missing| LogX] > C

ph= I
alsa =G+ [1 -Cl- D]* Mormal Distribution| betal *[ log rho2 * =5+ L ogX - beta2]




* 4.8 G D OHEE

MHoA-A HEE JFLEZERE TSIRFESR  _LAlSHERES
betal 2.87a7y 0.3029 2.3432 3.6897
betad 1.16871 00474 1.1033 1.2018
log rhoZ 0.249 0.0606 0.130m 03632
] 01645 0.0323 01076 0.2325
] n.0z27ya 0.009g 0.0093 n.04a3

1.0

0.8

0.6

0.4

0.2

0.0 T T T I I

0 1 1.5 2 2.5
LogX

4.6 SIERUSN B D EE LTS
EHISARIE, 0.164~(1-0.0273) DHEIFHIZ SN T 0~1 L 725 L 9 ICTHE LTS



5. RIGWNIERFZDIZSE, BIESTHDH TILHDRET

51. 2 RKXDHTIEH

Collett DT, vy FEHL T2 RXNEHTUIH TWVDHD, BEMHEDH TUTDIZIER
R DH L EBRT—DODHIETHY, 2 RIS 2 WIMFRIZ/2 D 2 & 2RI SR L
TS bLITTiEeWw. 2RO S TEDIE, EOa 2T ¢ v 7 [BlF O R Txt
WTELOT, HENREHEMT 22 ThH5.

Ezample 4.5 Mortality of confused flour beetles
The aim of an experiment originally reported by Strand (1930) and quoted by
Bliss (1935) was to assess the response of the confused flour beetle, Tribolium
confusum, to gaseous carbon disulphide (CSs). In the experiment, prescribed
volumes of liquid carbon disulphide were added to flasks in which a tubular
cloth cage containing a batch of about thirty beetles was suspended. Duplicate
batches of beetles were used for each concentration of CSs. At the end of a five-
hour period, the proportion killed was recorded and the actual concentration
of gaseous CS; in the flask, measured in mg/1, was determined by a volumetric
analysis. The mortality data are given in Table 4.2. '

In a number of articles that refer to these data, the responses from the
first two concentrations are omitted because of apparent non-linearity. Bliss
“himself remarks that : '

Table 4.2 The number of beetles killed, y, out of n exposed
to different concentrations of gaseous carbon disulphide.

Replicate 1 Replicate 2
conc CS2 logX r n r n
49.06 1.69 2 29 4 30
52.99 1.72 7 30 6 30
56.91 1.76 9 28 9 34
60.84 1.78 14 27 14 29
64.76 1.81 23 30 29 33
68.69 1.84 29 31 24 28
72.61 1.86 29 30 32 32
76.54 1.88 29 29 31 31




logit*

T T _ '+ T T T 7
170 175 180 185 1.90

logX
X 51 BERoYy MZOWTORT T 7

PR T 2y N CRRNEMR TIER L, EHEOHEMGCEFEAE TN S,

5.2. B{ERMDHTILH

Collett %, MESATIZDOWTIRRTWE DN, FEFNTR L TRV, MBS, &
AUV, DOV, 2ERMEETLE DL EDbIL TV,

# 51 EHSHBIOMESAAOSH TUIDDOFHFE L — ~ (C_ex405_CS2_r.JMP)

¥ EX conc loek n r p p loeit# pprabit | pTextrem like

o 1 1 4906 1.69 29 2 0.07 0.08 | -2.3979 0.0570 01121 7.5867
o 2 2 4906 1.69 an 4 013 015 | -1.7731 0.0570 01121 11.8449
o 3 1 5299 172 an 7 0.23 0.24 | -1.1421 01786 01367 16.4205
x 4 2 5200 1.72 a0 i n.zo 021 -1.3269 11786 01967 16.0131
o b 1 56,91 1.76 28 q naz 033 -0, n.avyay 133156 17.6888
x i} 2 56,91 1.76 34 d 0.26 027 -0.9874 n.avyay 133156 20.0050
o T 1 G0.84 1.78 27 14 062 0.5z 0.0715 16038 06237 18.6979
x 2 2 G0.84 1.78 29 14 048 048 -0.06867 16038 06237 201816
o a 1 G4.76 1.81 a0 23 077 0.78 1.1421 0.7876 07444 16.2280
x 10 2 G4.76 1.81 33 24 nas 0.ay 1.8803 0.7876 07444 14.07161
o 11 1 G3.69 1.84 x| 24 094 0.8z 24681 0037 1.9790 74764
* 12 2 G3.69 1.84 28 24 086 0.84 1.6945 0037 1.9790 12.0798
o 13 1 T2.61 1.86 a0 20 nay 0.85 28789 09623 Q.aa0z 4.0083
* 14 2 T2.61 1.86 3z 32 1.00 0.8s 41744 09623 Q.aa0z 02163
o 15 1 76654 1.88 29 20 1.00 0.8s 4.0778 0.as™ 0.9998 0.0068
* 146 2 76654 1.88 3 31 1.00 0.8s 41431 0.as™ 0.9998 00062

[fog)f'—alpha]
kappa

phextrem = |1 — Exp| — Exp




1.0
i 0%
0.8
0.6
> 8
0.4+
| O
0.2
i O
0.0 T T T T T
1.7 1.8 1.9
logX

X 5.2 IEBLSATD & TILD
TR CHEEmA T2y, THETIEFE, HTEEDBEN.

MBS AT O B CIEOFER%E2 #£ 52, X 53 1277, HCIEE D I3 T LUV, Ml
ISARIE, PIERT A —H2 g EHFRONH ENR D RTA—F c THLDOINDIDTH DN,

Dy 8 5\ Dy DHEENEHET BICITE S L1256 &9 DS 55,

#* 52 MMESAMOH LD

13-4 HEME ELEZERE HUSIERER  LSIEER
alpha 1.7963733448 000362549 1.78821521 1.80250611
kappa 00453676382 0.00369052 003837673 0.05343397
a5k DFE MSE FMSE
18233020322 14 13024229 3.6089096
1.0
1 o)
0.8
0.6
> J
0.4
0.2
| O
0.0 L L e L B

1.5 1.6 1.7 1.8 1.9 20
logX

5.3 M ES A1 D & TIL D



53. REZEREL=BE

EZAT, ERIL 2 BIOKENMTORTWAD, K 52 TiEFE—HET 2 SARFER
SNTWDNR, EROLIGITHE ) R RRREDN D > - BB, TN FERRAEL LT
BOTLESTWD. £2DOT, KEZBEENRE L TET VTR AR, FEERRAEL 5
BELTA LY. EBROKEIZXH LT, Y7, RRALERIZSND E LT, fLE YT
A—F alTH I = NV CTHENPO TH.L .

# 5.3 EEBRE LITMESH D& TiLsH (C_ex405_CS2_r2.JMP)

JTH—3 HEE RHARESRE HH{SHREER  LH{SFREER
alpha 1.7953044345 0.00503936 1.78646724 1.80632452
kappa 0.04536:23009 0.003694 0.03g87122 0.05351175
alpha_d 0.0001523545 0.00721693 -0.0141523 0.01430052
S5E DFE MSE RMSE
182.33898041 13 14026075 3.7451402

pr= fi-Eo

G A— B, RREBOEE Ui %10, HEEIIE 0.00015 &M TS < REIC
EAREDENEEET LR ERDID. KE TR 2 5OLAWIHO)
N EROTZNGEITa, Zlogp EBENZIULL .

5.4. Colett ATO WBESHDHTIEOHIZDLNTHE R

4.6 Applications of the complementary log-log model

A transformation of the probability scale that is sometimes useful in mod-
elling binomial response data is the complementary log-log transformation
where log{—log(1l — p)} is modelled as a linear function of explanatory vari-
ables. This transformation was described in Section 3.5.3. In the context of a
bioassay, the complementary log-log model can be derived by supposing that
the tolerances of individuals have an extreme value distribution known as the
Gumbel distribution, with probability density function,

flu) = L gtuei/n exp{—el“"®/*},  —co <u< oo,
N.



where —co < & < co and & > 0 are unknown parameters. Unlike the normal
and logistic distributions, on which the probit and logistic transformations are
based, this is an asymmetric tolerance distribution with a mode at o and a
mean that is greater than o.. The variance of the distribution is 1.645x%. The
probability of a response when exposed to dose d; is

d;
by = / f('u,)du =1- exp{_eidi—aj,’n}’
— o0

A Gumbel tolerance distribution is also encountered in problems concerning
the breaking strength of materials. The weakest link theory, according to
which a component breaks when the applied force is larger than the tolerance
of the weakest section or link, suggests that a distribution of minima, such as
the Gumbel distribution, should be used to model the breaking strength. This
leads to a complementary log-log model for the probability of the component
failing. Some other contexts that lead directly to the complementary log-log
model are described in the following sections.

55. WBENMZEHTIEINHTIHEZED Do 5 KU D1 DHETE

R 53 AR 1,
r=1- exp{_ exp(IOgﬂJ}
K

_logx=a e, gl &

K

ThHV, n

n =log{-log(1- )}
15D . EHSAME H TID T LDy 72 ELEO/S—F > MR OHEE L RIERIS, BfE5y
fizdd bt i, r=l-explexpin)l=p & 72 2% x O # & E 1%,
n=log{-logl- p)} TH Y, DsplE, n=-0.3665, DiglL, n=-2.2504 &£72%. —HHIIC
Dio, % z, & LIk &12,

z:l—exp{—exp(logx_a +Z”j}
K

BAE SOl z, ZMATITH VI, 2z, &bk o7%a &logx ITRAT S L
n=@-a)lk=-z,&7%0, n'=(logx-a)/x+z,8 &, logx=a'DLE, 7'=0
Ll Lo T, WESAO T p Y%oriz, (IZH L, a OHEEEN D, DHEEEIZ /2
5.




7% 5.4 WESATTO 10% R OHEE (C_ex405_CS2_D10x.JMP)

=0 exd05 G52 010w | 4 =
01| = Ex conc log n r p pTextrem like
o 1 1 49.06 160 29 2| 007 009428 75367
! 2 1 5299 172 80 7| 023 01880 16.4208
! 3 1 56.91 176 28 9| 032 03379 1756888
! 4 1 60.84 178 27 14| 052 05427 186979
! 3 1 &4.76 181 30 23| 077 07534 16.3380
= B[00 e i 1 £9.69 184 31 28 084 08177 74764
A ! 7 1 72 61 186 30 20 087 08857 49083
d conc ! ! 1 76.54 188 29 26 100 08991 0.0058
P ! ] 2 49.06 160 30 4| 013 00948 11.8449
A n x 10 Z 52.99 172 a0 6| 020 01880 15.0131
A x 11 2 56.91 176 34 9 026 03379 200050
ﬁpﬁ’ - x 12 2 60.94 178 20 14| 048 05422 201815
p ';k‘zx"”‘ x 13 2 6476 181 33 20 088 07594 14.0161
x 14 2 6269 184 28 24| 086 09177 120798
x 15 2 72 61 186 32 32| 100, 089857 0.3163
X 16 2 76.54 188 31 31| 100 08991 | 00082
17 493497 1.69 : : | 01000 :
JoX—alph
piextrem = |1 - Exp| - Exp M+ Log|- Log[‘l - p_poit ”
kappa
2% 55 DlO @?&/ﬁ::'fﬁ alpha
15— HEM LE#ERE TH{SIERER  LEl{SHEER
alpha 1.6932844935 Q00942037 1.67275913 1. 71007956
kappa 00453676384 0003590652 003887678  0.05349997

antilog(1.6932) = 49.3497

1.0

0.8

0.6

0.4+

0.2+

0.0

logX

5.4 MRS T Dip DHEE




6. IEFT—2~DLEHIA Y XETILOER

1. [FCHIC

AEICK U TRISED S 7 A Rk E 72D X0 RAEMFERICB VT, HE&Z &2t v
(72 B AR E DA SN 6, EROAEMFRTR &R OMENERH LIS &
725 EMRELETHO SN TV D2 & 2 D 95%(E#E X M % V72 2B S B o B
%, W& OREEZ 72 TDIBOTHHATHD. LLais, 1EROAEMMRELT
DERIE, 2MEMISOLAE ThHIUE, v¥y NEHR ETRISEHR L LT E 2o
5036 T HHEEZHEEL, (k&% S LB T O ED D antilog 7> H %)
NEEZRDD LN D TH L. OSBRSS E DR 2 IEHIE R 5T L0
ELEHEE 2 HIEIC DWW TIE, T TIREL TE 7. AN, 27 — 2 B L OIEF 7 —
ZNZOWTHREEIR DT 2 D THBLEZ R RIET 2 Z L2k vtk 2o
95% [ HE X ] & Rk 8 5 J7ik &b Bl & 7~ T

2. [BFT—RICHEITHMALDER

bEW S DHEXITRT DL Ys ICHERICHBE ys=f(x) 7, (L& T ORIG
Y7 12X yr=f(pox) B"HTITDONTLEEIT, p L LTERSIND. LEW
S DM E x ZxEZEH L T ys= f(logx) 25, (LEWTIZ yr=f(log px) 3% TiTH B
&Y, phikE LTERENS. f(log px) = f(log p+logx) THDHDT 2 DD
HiR I, REREEY O X#hiIxt L Clog p 70 FATBE) L7dh#i & 72 5.

BOS L, 2, 3&RD KO RIEFT—# TRESNWIHE xTOnflOT =23, £
NWELr, rn, nEICPEINTZET L. ERNENOWFRHENR 7, 7,, 7, 2T 5. 7l
T ou AT 4w 7 R,

7, =1/[L+exp(B, (B — (log p - z + log x)))] (1)
7. ZIZT, ik LA T OBEIC L, TRLSMI0 LA s X2, BTl
MO VT A—2T, Oz, 05 LD MMARDONE T A -4 Thb.
T AT KT VAT 4y Wil 1, BT LT, R
7, =1I[L+exp(B, (B2 ~ (log p - z + log )] - 7, ¥
25, BEa, OO EY T XA—2 LFEUTT, AP W r +x, DGR 05 &7
LHXBHBEONNENT A—FThD. mld, & n,Z 10155\ TKRA
7ty =1 (1, + 7,) ®
L. WAy XEeT VOO R,
log L =r, log(z,) + r, log(z,) + r; log(7z,) (@)



70, R og L i KL T HZ LI2E D, NI A—FOWEEITH . FHHEIC
SAS @ NLMIXED 71 2% N T 2 (1), & (2) , 3 3) #E#L, X @) 13, mode
AT — kA2 hTgeneral (log L) &5t bEZfEET 5.

3. iRl T— 4 12 & TSR
<~ AEHW= B BIFFRY 7 F o OFRMT — Z 1%, EMROILTIVE S HE
L, HEMEOEE TITBEY RN INT 2720,

# 61 4AF—X

ks No. 0.125 0.25 0.5 1 2
S 1 3.501 3.934 190.001 0 229.284
(d1) 2 2.636 56.812 11.204 0 0
3 0 0 6.271 140.643 0

4 0 68.445 26.089 35.182 575.378

5 0 63.822 46.558 193.312 51.634

6 0 14.146 0 177.106 157.217

7 0 10.684 0 0 531.917

8 0 2.117 11.982 64.647 360.282

9 0 0 61.399 21.432 140.889

10 0 25.807 4.929 123.488 1.06

11 0 11.584 154.634 39.478 187.933

12 0 3.834 3.834 6.399 0

13 0 14.046 135.214 22.063 5379.75

14 0 31.004 14.228 44.028 292.295

15 9.578 1.92 10.949 47.353 416.385

16 2.649 6.843 26.001 5.261 68.093

17 3.834 6.387 3.073 46.741 89.008

18 11.493 11.675 15.762 46.391 258.954

T 1 0 0 95.542 91.451 230.531
(d2) 2 6.194 2.104 7.702 29.231 218.905
3 0 0 32.999 6.087 175.093

4 0 0 4364 1236.583 63.247

5 0 19.65 77.349 574.787 276.281

6 0 0 0 50.222 80.57

7 0 2.75 10.5 10.393  1679.286

8 0 0 33.537 9.747 0

9 0 0 0 42.715 80.094

10 0 1.545 120.417 5.402  1193.745

11 0 0 33.717 147.066 144.962

12 0 0 288.03 208.256 213.516

13 3.648 0 13.029 270.409 120.329

14 0 8.47 0 0 1463.154

15 0 0 0 317.397 180.169

16 2.071 138.388 0 120.767 245.878

17 0 0 0 21.094 38.371

18 0 6.892 18.201 93.855  1065.105

X,

T%



log_y
N
|

—
1

In:

d | d2 d | d2 d_ | d2 di d2 d | d2
-0.90309 -0.60206 -0.30103 0.30103
drug within x

6.1 XIBERISE DT — &% DA
T =280 DAL, HEMISHRERELZ 0 & L TERLE.

FtEfEZ, 0, OLLE10BLF, 10 L ET, NEFREN LT —HF % £ 6.2 (7. Lk

Bl RETF NI L DT ORI TO L TH S,

logp @ 95%1F #& X [t

(—0.3813, —0.00576) antilog’® (0.416, 0.987) & L[RAN 1 Z#x 720>, L7cdi-> T,

{LEWSITHT HILEMT ORIk p = antilog(-0.1935) = 0.640 1L, At H ERZETH
BHEfEmIND.
# 6.2 JEFT—X
= L& S kM T
X ry ry r3 n ry ry r3 n
0.125 1 5 12 18 0 3 15 18
0.25 10 6 2 18 2 5 11 18
0.5 12 4 2 18 10 2 6 18
1 13 2 3 18 14 3 1 18
2 14 1 3 18 17 0 1 18
# 6.3 SAS O NLMIXD 712 ¥+ T L 2 fif b B
Standard
Parameter Estimate Error DF t Value Pr > |t] Alpha Lower Upper
betal 3. 4063 0. 4631 9E8 7.36 <. 0001 0.05 2.4987 4.3139
beta2_1 -0. 4428 0.07054 9E8 -6.28 <. 0001 0.05 -0.5810 -0. 3045
beta2_2 -0. 7593 0. 08025 9E8 -9. 46 <. 0001 0.05 -0.9166 -0. 6020
log_rho -0. 1935 0. 09580 9E8 -2.02 0.0434 0.05 -0.3813 -0.00576



t&w S tamT
1.0 1.0
9
0.8 0.8 ©)
i 23
0.6 - 0.6 -
> > © 3
0.4 0.4
(3
0.2 0.2
O
0.0 0.0
45 -10 05 0 5 15 -10 05 0 5
log_x log_x
B 6.2 HpIA Y XETNLDHTITD
O :rln, <& (r1+r2)/n
4. B

NEFF T — 2\ A XA RE L7 f#fTiX, SASIGENMOD 72 & O— LT T v
IZE o THNTIIZAT X . LnL, #EESND/RT A—H1E, vy M 500 & H
=Thy, X Q) BLOK ) B\ TIE, #E LW YT X —Hlogp DSAILTIT
o TR, RNIA—XIZELTHERIET, logp xEEHETHZ LR TEX RV, £
DI DI IR AT 3BT TRHECEE & e Kb DR 2l 5 Z L2 k0, Fillle 7 m 7
TIVI R LB/ T — 2o TON N E FRICHEETE 52 L &R LIz, V7 E
A FHIBHCIER S 2 H I 28580, X 1) 2 7, =N[B(BL —(log p-z, + log x)] ,
Z 2T N IFIERSAE, IcEEH L, X (2 bRBRICESHRZ LI LICEY, BhlikE
HETED., TENRVBESAERETHZLES THD.

teflA Y RETIVICE D% AL, SASTOT S A
Title ’Bvaccine 2005-07-13 Y. Takahashi ’

data vaccine ;
input dose @@ ;
log_x = logl0O(dose) ;

like = 0 ;
do drug=’S,"’T
z =(drug="T) ;
input rl r2 r3 @@ ;
output ;
end ;
datalines ;

0.125 1 5 12 0 3 15



0.26 10 6 2 2 b5 11
0.5 12 4 2 10 2 6
1 13 2 3 14 3 1
2 14 1 3 17 0 1
proc nlmixed data=vaccine df=9e+8 ;

parms betal 3.5 beta2_1 -0.5 beta2_2 -0.8 log_rho 0 ;

pil =1/ (1 + exp(betal*(beta2_1 — (log_rho*z + log_x)))) ;

pi2 =1/ (1 + exp(betal*(beta2_2 - (log_rho*z + log_x)))) — pil ;
pi3 =1 - (pil + pi2) ;

log L= rl*log(pil) + r2*log(pi2) + r3+*log(pi3) ;

model  like ~ general (log L) ;

run

data rho ;
input log_pho log L95 log U95 ;
pho = 10%*log _pho ;
L95 = 10%*klog 195 ;
U95 = 10%xlog_U95 ;
datalines ;
-0.1935 -0.3813 -0.00576

proc print data=rho ;
run ;

SCHR)

1) Agresti (2002). Categorical Data Analysis, 2"%ed. Wiley & Sons.

2) Finney, D.J. (1978). Statistical Method in Biological Assay, 3" ed., Charles Griffin.

3) Draper, N.R., and Smith, H. (1998). Applied Regression Analysis, 3rd ed., Wiley & Sons.

4) Bates, D.M., and Watts, D.G. (1988). Nonlinear Regression Analysis and Its Applications. Wiley & Sons.
5) WA THE (1991). SAS IZ L AAMREE & E OIS, SAS —H —agm SC4E(3-40).
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7.1. 3nEEERRXE
Finney(1972) Probit analysis £ ¥

Ex. 23. The effect of concentration and deposit on the toxicity of-a.
pyretﬁmm preparation to Tribolium castaneum. Tattersfield and
Potter (1943) described experiments on the toxicity of a pyreth-
rum extract in a heavy oil to the beetle 7', castanewm; they used
combinations of several concentrations of the pyrethrum extract
and several weightsof spray deposit on the glassdisk (covered with
fabric) on which the insects were placed. In the first experiment
f9ur concentrationsand three deposits were tested ;each c:r;:nr.rft:riﬂa,i
tion of concentration and deposit was used, on separate batches of
Insects, both as a direct spray and as a film on which the insects
were afterwards placed. Batches of about ten insects were used
for each s:pr&ying, and all treatments had three-fold replication.

PV |
TTOTTTTE wmaa s LU AW LR UL,

‘ Other insects were exposed to different deposits of the base
f:nl -E'LIOH'E:, applied as a spray or as a film. The mortalities gave no
indication of difference from that of unsprayed controls and all
coptrol batches have been added: of 311 beetles, 12 were ‘badly
affected, moribund, or dead’, giving a control rate of 3.86 %. The
data (loc. cit. Table 2) are presented in Table 8.10. T

Table 8.10 Responses of Tribolium castaneum when exposed to

a pyrethrum spray or film (responses/insects exposed)

Pyrothrin | Deposit (mg/cm2)
Concentration Direct spray Film
(mg/m1) 0.29 0.57 1.08 0.29 0.57 1.08
0.5 1/27 4/29 6/30 3129 4/27 8/28
1.0 15/29 19/29 15/24 10/30 14/28 17/28
2.0 27/30 26/27 31/31 24/29 27/28 26/28
4.0 28/28 30/30 19/19 29/29 29/29 17/17




# 71 &Ba > b (Finney_Factorial_T8_10.JMP)

= Pyrathrin | log_Pv | Exposzure | EX_Deposit Deposzit r n D log_Pwr | log_Dep p¥ logit*
o 1 0.5 -0.30 1:Direct Direct 029 0.29 1 27 0037y -0.69 -1.24 0064 -2872
=] 2 1 0.00 1:Direct | Direct 029 029 15 28 nas17y 0.00 -1.24 nas17y 0067
=] 3 2 0.30 1:Direct | Direct 029 029 27 a0 0.900 0.69 -1.24 0.aay 2 061
5 4 4 0.60 1:Direct | Direct 029 0.29 28 28 1.000 1.30 -1.24 0983 4043
x 5 0.5 -0.30 1:Direct  Direct 057 0.57 4 28 0138 -0.69 -0.56 0180 -1.735
x ] 1 0.00 | 1:Direct | Direct 057 0.57 19 28 0.655 0.00 -0.56 0.650 0619
x 7 2 0.30 1:Direct | Direct 057 057 26 27 0963 0.69 -0.56 0948 2872
x 8 4 0.60 1:Direct | Direct 057 057 a0 a0 1.000 1.38 -0.56 0984 4111
- ] 05 -0.30 1:Direct Direct 108 1.08 fi a0 0200 -0.68 0.08 0210 -1.327
- 10 1 0.00 1:Direct | Direct 108 1.08 15 24 0.625 0.00 0.08 0.620 0.490
P 11 2 0.30 1:Direct | Direct 108 1.08 H H 1.000 0.69 0.08 0.9a4 4143
= 12 4 0.60 | 1:Direct | Direct 108 1.08 19 19 1.000 1.39 0.08 0975 3.664
a 13 05 -0.30 2:Film Film 029 029 3 28 0103 -0.69 -1.24 011y -2.024
a 14 1 0.00 2Film Film 029 029 10 a0 0333 0.00 -1.24 0335  -0669
a 15 2 0.30 2:Film Film_ 029 0.29 24 28 nazg 0.69 -1.24 naiy 1.404
a 16 4 0.60 2:Film Film_029 0.29 29 28 1.000 1.39 -1.24 0.9a3 4078
Ad 17 0.5 -0.30 2:Film Film_05B7 0.57 4 27 0148 -0.69 -0.56 0161 | -1.653
A4 18 1 0.00 2Film Film 057 057 14 28 0500 0.00 -0.56 0500 0.000
A4 18 2 0.30 2:Film Film 057 057 27 28 0964 0.69 -0.56 0948 2908
A4 20 4 0.60 2:Film Film 057 057 20 28 1.000 1.38 -0.56 0.9a3 4078
* 21 0.5 -0.30 2:Film Fim_108 1.08 a 28 0.286 -0.69 0.08 0293 -0.880
* 22 1 0.00 2:Film Fim_108 1.08 17 28 0.607 0.00 0.08 0.603 0.420
* 23 2 0.30 2:Film Fim_ 108 1.08 26 28 0929 0.69 0.08 0914 2.361
* 24 4 0.60 2:Film Fim_ 108 1.08 17 17 1.000 1.38 0.08 097z 3565
1.007 1,00
0.75 0.75
= 0.507 2 0,50
0.25 0.25+
0.00 T T T T 0.00 T T T T
-0.50 -0.25 .00 .25 .50 75 -050 -0.25 .00 .25 .50 .75
log_Py log Py
7.1 log(Pyrothrin) (x4 %7 w2 v
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# 72 EEu Ty MRS TEE ST
[ Analysis of Variance ]
Source DF Sum of Squares Mean Square F Ratio
Model 17 122.30511 7.19442 41.2478
Error 6 1.04652 0.17442 Prob > F
C. Total 23 123.35162 <.0001
[ Effect Tests ]
Source Nparm DF Sum of Squares F Ratio Prob > F
Pyrothrin 3 3 115.55354  220.8347 <.0001
Exposure 1 1 0.25395 1.4560 0.2730
Deposit 2 2 2.74002 7.8547 0.0211
PyrothrinkExposure 3 3 1.29293 2.4709 0.1593
Pyrothrin¥Deposit 6 6 2.37441 2.2689 0.1710
Exposure*Deposit 2 2 0.09025 0.2587 0.7802
[Prediction Profiler
4.91296 A
% 2112946 \I
oo
L 7 0.885
-3.6125 A
T T T T T T
g - Y v % £ = 3
p= L o o -
(=) N
Pyrothrin — Exposure Deposit
72 KR TEOTRT AN
Interaction Profiles ]
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4 4 — 4
3
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]
3
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7.2. Ny FREIDEE), Overdispersion D& 5+

9.1 Variation between batches

Ex. 25. The towicity of ammonia to Tribolium confusum. Strand
(1930) tested ammonia as a fumigant for 7, confusum, using
two batches of insects at each of eight concentrations. The tests
may have constituted two distinet experiments, one batch in
each, but for present purposes the pairs of batches will be

assumed to be replicates of the type just discussed. Table 9.1
contains the results. - '

Table 9.1 Results of exposure of Tribolium Confusum

to ammonia (Strand, 1930, Table I)

Log No. of No. of %
concentration subjects responding responso
(mg/l) (n) (r) p
0.72 29 2 7

29 1 3
0.80 30 7 23
31 12 39
0.87 31 12 39
32 4 12
0.93 28 19 68
31 18 58
0.98 26 24 92
31 25 81
1.02 27 27 100
28 27 96
1.07 26 26 100
31 29 94
1.10 30 30 100
31 30 97

(Finney_Batches_T9 1.JMP)
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9.3 Eecnrds nf individuals

Ex. 27. Deep inspiration and vaso-constriction of a finger. Under
carefully controlled conditions, a deep breath may produce a
transient reflex vaso-constriction in the skin of the fingers.
Gilliatt (1947) reported tests of whether or not this phenomenon
occurred in three subjects, in a number of tests for each of which
the volume of air inspired and the average rate of inspiration
were measured. Assessment of the degree of vaso-constriction
was not practicable, and the record of response was therefore

qua,ntal

Table 9.3 summarizes the thirty-nine tests; the first nine, the
next eight, and the remaining twenty-two correspond with the
three subjects. Had the tests been more numerous, differences
between subjects would have needed investigation, but these
fow data conform well to a hypothesis that subjects do not differ
in sensitivity. The tests are represented as points in Fig. 9.1.



Table 9.3 Records of vaso—constriction after deep inspiration (Grilliatt, 1947)

Rate of Rate of
Volume inspira- Volume inspira-
of air (1) tion (1/s) Response of air (1) tion (1/s) Response
3.7 0.825 + 1.8 1.8 +
3.5 1.09 + 0.4 2 -
1.25 25 + 0.95 1.36 -
0.75 15 - 1.35 1.35 -
0.8 3.2 + 15 1.36 -
0.7 35 + 1.6 1.78 +
0.6 0.75 - 0.6 15 -
11 1.7 - 1.8 15 +
0.9 0.75 - 0.95 1.9 -
1.9 0.95 +
0.9 0.45 - 1.6 0.4 -
0.8 0.57 - 2.7 0.75 +
0.55 2.75 - 2.35 0.3 -
0.6 3 - 11 1.83 -
14 2.33 + 1.1 2.2 +
0.75 3.75 + 1.2 2 +
2.3 1.64 + 0.8 3.33 +
3.2 1.6 + 0.95 1.9 -
0.75 1.9 -
0.85 1.415 + 1.3 1.625 +
1.7 1.06 -

(Finney_2variables_T9 3.JMP)
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Kbz L& F.  Agresti, A. (2002), Categorical Data Analysis 2nd. ed., Wiley.
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Agreati, A. (2002), Categorical Data Analysis, 2™. ed. Section 13.3 Beta-Binomial Models
BLOY, HiGF (web) , T —Z OfEMNT, http://www.is.seikei.ac.jp/~iwasaki/kouginote/
B/B.00.1.Contents.htm. & &2 L 7.

13. Other Mixture Models for Categorical Data*

13.1 Latent Class Models, 538 :

13.2 Nonparametric Random Effects Models, 545

13.3 Beta-Binomial Models, 553

13.4 Negative Binomial Regression, 559

13.5 Poisson Regression with Random Effects, 563
- Notes, 565 '

Problems, 566

13.3 BETA-BINOMIAL MODELS

The beta-binomial model is a parametric mixture model that is another alternative to
binary GLMMs with normal random effects. As with other mixture models that assume
a binomial distribution at a fixed parameter value, the marginal distribution permits
more variation than the binomial. Thus, a model using the beta-binomial is a way to

handle overdispersion occurring with ordinary binomial models.

13.3.1 Beta-Binomial Distribution
The beta-binomial distribution results from a beta distribution mixture of binomials.
Suppose that (a) given =, Y has a binomial distribution, bin(n, =), and (b)~ has a


http://www.is.seikei.ac.jp/

beta distribution.
The beta probability density function is

Mﬂ'a—l(l—ﬂ')ﬁ_l, ogﬁgl, (138)
['(a)+T(B)

with parameters «>0and £ >0, forthegamma function T'(-). Let

fma, B)=

a 1
MU= , 0= .
a+pf a+p

The beta distribution for ~ has mean and variance

):/I(l—ﬂ)a_
1+6

E(r)=u, var(r
When « and g exceed 1.0, the distribution is unimodal, with skew to the right when
a < f,skew to the left with « > g, and symmetry when « = g. It simplifies
to the uniform distribution when a=p=1.
Marginally, averaging with respect to the beta distribution for =, Y has the
beta-binomial distribution. 1ts mass function is
n\Bla+y,n+p-y)
P@ﬂ%ﬂ)=(j , y=0L..n.
y B(a, B)
Intermsof x4 and &, the beta-binomial mass function is

() [+ k0] [T (1 - w4+ k6)]
p(y;m, 0) = 'y) ] [17250(1 + ko) il

It is easier to understand the nature of this distribution from its moments than from its
mass function. The first two moments are

E(Y)=nu, var(Y) :n,u(l—,u){l+w} .

1+6

As 9 —0 in the beta distribution, var(z)—0 and that distribution converges to a
degenerate distribution at x . Then var(Y) —»>nu(l-4) and the Dbeta-binomial
distribution converges to the bin(n, x).

NR—% TSR DR EETAL L TH D, R—% “HSAORITa & Il >TH
EEND. al fliE, 0 UETHDN, 2O TESMITEART, DN EDORE KX
2B DON%E, 7 81 IZRT. ak fI/NINE XL, XR—F5HMDSDNKEL 72D,



T DRELENKELRY, ZORERN—F “HBNRONEITREL 2D, ak BIRNEL
WEEIE 7=05 L7085,
# 81 al BEEASELGAEDN—F IHSAMDOSE (n=20)

RSeS| 218 NR—HF TIH I N—XH

alpha beta | mu v theta Y Y sD sD
0.2 05 |[029 570 143 408 49.70 045 0.35
0.5 05 |050 10.00 1.00 5.00 52.50 050 0.35
1 05 |067 1330 067 4.44 38.22 0.47  0.30
1 1 050 10.00 050 5.00 36.67 050 0.29
2 1 0.67 1330 033 444 25.56 047 0.24
2 2 050 10.00 0.25 5.00 24.00 050 0.22
2 5 029 570 014 4.08 13.78 0.45 0.16
5 1 083 16.70 0.17 278 10.32 037 014
5 5 050 10.00 0.10 5.00 13.64 050 0.15
5 10 (033 6.70 0.07 4.44 9.72 047 0.12
10 5 0.67 13.30 0.07 4.44 9.72 047 0.12
10 10 |050 10.00 0.05 5.00 9.52 050 011
10 20 | 033 6.70 0.03 4.44 7.17 0.47  0.08
20 10 |0.67 1330 0.03 4.44 7.17 0.47  0.08
20 20 | 050 10.00 0.03 500 7.32 050 0.08
20 40 033 670 002 4.44 5.83 0.47  0.06
100 50 |0.67 1330 0.01 4.44 5.00 0.47 0.04
100 100 | 050 10.00 0.01 5.00 5.47 050 0.04
100 200 | 033 6.70 0.00 4.44 4.72 0.47  0.03
10000 10000 | 0.50 10.00 0.00 5.00 5.00 050 0.00

(alpha_beta_n.JMP)

ZHERBR OB GO EFTH % 080, 1 RHASH -0 OFHMAFHAE 12LL LT, a
& BEELSER—F THSAORIRE R THRELD. 8.1 1%, —HH/rAmbin(n, u)=
bin(12,0.8) IZxf LT, X—& “HHGMMDIAN Y OREZHRIL LD THD.

7 82 w08 b N—F "HHGHDSE (n=12)

S5 1] NRe—H TITH  IH N—
alpha beta | mu T:(yj theta ;ﬁf\( %ﬁi? 4 Ef‘ SD&
0.1 0025|080 9.6 800 192 20.69 040 0.38
0.4 01 |08 96 200 192 16.00 040 0.33
0.8 02 |08 96 100 192 12.48 040 0.28
1.6 04 |08 96 050 192 8.96 040 0.23
4 1 0.80 9.6 020 192 5.44 040 0.16
8 2 0.80 9.6 010 192 3.84 040 0.12
16 4 0.80 9.6 005 192 2.93 040 0.09

(alpha_beta0_8 n12.JMP)

|
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a 0.8 1 1
a+pf 08+0.2 a+pf 08+0.2

E(r)=nu=12x0.8=9.6,

3 B (n-10| 0.8 (1— (12-)x1| y 11
var(Y) =nu(l ,u)[1+ 1o }—12 0.8x(1 0.8)[1+—1+1 }—1.92 {1+2]

«=008, =002 a=04, f=01 2=08, f=02
1.0 1o- N
0.8 05 ]
] 0.6 oo
> i . - >-
0.4 04 N
024 0.2
N 00 55585

0.4 0.4

0.3 0.3
> 0.2

> 0.2

0.1 0.1

0.0-4

004 ———
0 5 10

0
Yy Yy y
X 81 HHDa & pITkT H—% “THGAR
Y B —beta_binonial O =—binomial

(beta-binomial_vs_binomial.JMP)
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13.3.2 Models Using the Beta-Binomial Distribution

Models using the beta-binomial distribution permit x [and hence E(Y)] to depend on
explanatory variables. The simplest models let ¢ be the same unknown constant for all
observations. [Prentice (1986) considered extensions where it could also depend on
covariates.] Like GLMs, models can use various link functions, but the logit is most

common. For observation i with »; trials, assuming that y; has a beta-binomial
distribution with index »; and parameters ( «; ,6 ), the model links 4, to predictors by

logit(u,)= @ + B,

The beta-binomial is not in the natural exponential family, even for known &.
Articles using beta-binomial models have employed a variety of fitting methods (Note
13.4). Crowder (1978) discussed the likelihood behavior for an ANOVA-type model.
Hinde and Demetrio (1998) obtained the ML fit by iterating between solving the
likelihood equations for the regression parameters g, for fixed &, and solving the
likelihood equation for & for fixed B . Each part can use Newton-Raphson.
McCulloch and Searle (2001, p. 61) showed the asymptotic covariance matrix of (iz,6)

and of (&, #) for independent observations from a single beta-binomial distribution.



A related but simpler approach for overdispersed binary counts uses quasi-likelihood
with similar variance fimction as the beta-binomial. The quasi-likelihood variance
function is

v(u;) =n, 4, (1_ﬂi)[1+ (n; _1),0] (13.10)

with | p| <1. Although motivated by the beta-binomial model, this variance function
results merely from assuming that =, has a distribution with var(z,)=pu,(1— ;). It
also results from assuming a common correlation p between each pair of the n,
individual binary random variables that sum to y, (Altham 1978). The ordinary

binomial variance results when o= 0. Overdispersion occurs when p> 0.

For this quasi-likelihood approach, Williams (1982) gave an iterative routine for
estimating g and the overdispersion parameter o. He let p be such that the
resulting Pearson X? that sums the squared Pearson residuals for this variance
function equals the residual df for the model. This requires an iterative two-step process
of (1) solving the quasi-likelihood equations for o for a given p, and then (2) using
the updated #, solving for 5 in the equation that equates x> (which dependson g
and p) to its df.

An alternative quasi-likelihood approach uses the simpler variance function
v(p;)=¢np (- ;) (13.11)

introduced in Section 4.7.3. The ordinary binomial variance has ¢=1.0 and
overdispersion has ¢ >1. With this approach, g is the same as its ML estimate for the
ordinary binomial model. Commonly, ¢=X2/df , where X? is the Pearson fit
statistic for the binomial model (Finney 1947). The standard errors for the

overdispersion approach multiply those for the binomial model by 42 .

Liang and McCullagh (1993) showed several examples using these two variance
functions. A plot of the standardized residuals for the ordinary binomial model against
the indices {#,} can provide insight about which is more appropriate. When the



residuals show an increasing trend in their spread as »n, increases, the

beta-binomial-tyre variance function may be more appropriate. This is because when the
beta-binomial variance holds, the residuals from an ordinary binomial model have
denominator that is progressively too small as », increases. The two quasi-likelihood
approaches are equivalent when {n, } are identical. Only when the indices vary

considerably might results differ much. Because the variance function
v(u;)=¢n;u;(L— ;) has a structural problem when »,= 1 (Problem 13.33) and has

less direct motivation, we prefer quasi-likelihood with the beta-binomial variance
function.

8.4. Agresti A TDEIEHERDHIR

13.3.3 Teratology Overdispersion Example Revisited

Refer back to Table 4.5 on results of a teratolqu_ experiment analyzed by
Liang and McCullagh (1993) and Moore and Tsiatis (1991). Female rats on
iron-deficient diets were assigned to four groups. Gr_oup 1 was given only
placebo injections. The other groups were given injections of an 1ron supple-
ment according to various schedules. The rats were mfide pregnant and then
sacrificed after 3 weeks. For each fetus in each rat’s litter, .the response was
whether the fetus was dead. Because of unmeasured covariates, it is natural

to permit the probability of death to vary from litter to litter within a
particular treatment group.

i o il e an Fatrnac in littar 7 T et ar.

TABLE 4.5 Response Counts of (Litter Size. Number Dead) for 58 Litters of Rats
in Low-Iron Teratology Study

Group 1: Untreated (low iron)
(10, 1) (11, 4) (12, 9) (4, 4) (10, 10) (11, 9) (9,9) (11, 11) (10, 10) (10, 7) (12, 12)
(10,91 (8, 8) (11, 9) (6, 4) (9,7) (14, 14) (12, 7) (11, 9) (13, 8) (14, 5) (10, 10)
(12,10) (13, 8) (10, 10) (14, 3) (13, 13) (4,3) (8, 8) (13, 5) (12, 12)
Group 2: Injections days 7 and 10
(10,1)(3,1) (13,1) (12, 0) (14,4 (5,2) (13, 2) (16, 1) (11, 0) (4, 0) (1, 0)(12, 0)
Group 3: Injections days 0 and 7
(8,0) (11,1) (14,0) (14,1) (11, 0)
Group 4: Injections weekly
(3,00 (13,0) (9,2) (17,2) (15,00 (2, 0) (14, 1) (8, 0) (6, 0) (17, 0)
Source: Moore and Tsiatis (1991).
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group litter n y p group litter n y p
1 1 10 1 0.10 2 35 12 0 0.00
1 26 14 3 0.21 2 40 11 0 0.00
1 21 14 5 0.36 2 41 4 0 0.00
1 2 11 4 0.36 2 42 1 0 0.00
1 30 13 5 0.38 2 43 12 0 0.00
1 18 12 7 0.58 2 39 16 1 0.06
1 20 13 8 0.62 2 34 13 1 0.08
1 24 13 8 0.62 2 32 10 1 0.10
1 15 6 4 0.67 2 38 13 2 0.15
1 10 10 7 0.70 2 37 9 2 0.22
1 3 12 9 0.75 2 36 14 4 0.29
1 28 4 3 0.75 2 33 3 1 0.33
1 16 9 7 0.78 3 44 8 0 0.00
1 6 11 9 0.82 3 46 14 0 0.00
1 14 11 9 0.82 3 48 11 0 0.00
1 19 11 9 0.82 3 47 14 1 0.07
1 23 12 10 0.83 3 45 11 1 0.09
1 12 10 9 0.90 4 49 3 0 0.00
1 4 4 4 1.00 4 50 13 0 0.00
1 5 10 10 1.00 4 53 15 0 0.00
1 7 9 9 1.00 4 54 2 0 0.00
1 8 11 11 1.00 4 56 8 0 0.00
1 9 10 10 1.00 4 57 6 0 0.00
1 11 12 12 1.00 4 58 17 0 0.00
1 13 8 8 1.00 4 55 14 1 0.07
1 17 14 14 1.00 4 52 17 2 0.12
1 22 10 10 1.00 4 51 9 2 0.22
1 25 10 10 1.00 -

1 27 13 13 1.00 -
1 29 8 8 1.00 -
1 31 12 12 1.00 -
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Let y; denote the number dead out of the n, fetuses in litter i. Let
denote tim probability of death for fetus ¢ in litter i. First, suppose that y; 18
a bin(n;,m;) variate, with

logit(mm;,) = a + Byzy + Bszs; + Ba Zyis
where z,; = 1 if litter i is in group g and 0 otherwise. This model treats all

litters in a group g as having the same probability of death, BXP(EI + ﬁg} /
[1 + expla + B,)], where B, = 0. However, it has evidence of overdispersion,

TABLE 13,5 Estimates for Several Logit Models Fitted to Table 4.5
Type of Logit Model®

Parameter Binomial ML QL{1) QL{2) GEE GLMM
Intercept 1144 (0.129)  1.212(0.223)  1.144(0.219) 1144 (0.276)  1.802 (0.362)
Group 2 —3.322 (0.331) —3.370 (0.563) —3.322 (0.560) —3.322(0.440) —4.515 (0.736)
Group 3 —4.476 (0.731) —4.585 (1303) —4.476(1.238) —4.476 (0.610) —5.855 (1.190)
Group 4 —4.130 (0.476) —4.250 (0.848) —4.130 (0.806) —4.130 (0.576) —5.594 (0.919)
Overdispersion ~ None p=0192  $=286 p=0.185 & =153

“Binomial ML assumes no overdispersion, QL(1) is quasi-likelihood with beta-binomial-type
variance, QL(2Z) is quasi-likelihood with inflated binomial variance; QL(2) and GEE (indepen-
dence working equations) estimates are the same as binomial ML estimates. Values in parenthe-
ses are standard errors.

Binomial  (Agresti_T4 5_litter.sas)

proc logistic ;
model y/n = z2 z3 z4 ;
run

Analysis of Maximum Likelihood Estimates

Standard Wald
Parameter DF Estimate Error Chi—Square
Intercept 1 1. 1440 0.1292 78. 4095
z2 1 -3.3225 0. 3308 100. 8525
z3 1 -4.4762 0.7311 37.4831
z4 1 -4. 1297 0.4762 75.1974



with X? = 154.7 and G* = 173.5 (df = 54). Table 13.5 shows ML estimates
and standard errors.

Table 13.5 also shows results for the two quasi-likelihood appma-::hes,
Estimates and standard errors are qualitatively similar for each. For variance
function ©{p;) = ¢n; u,(l — w,), the estimates equal the binomial ML
estimates but standard errors are multiplied by &2 = (X2 / dfy'/* =
y154.7/54 = 1.69. For the beta-binomial-type variance function, p = 0.192.
This fit treats the variance of ¥, as

(1 — ) [1 + 0.192(n; — 1)].

QL(1) Beta-binomial

(Williams)

(Agresti_T4 5_litter.sas)

proc logistic;
model y/n = z2 z3 z4 / scale=williams;
run

Standard Wald
Parameter DF Estimate Error Chi—-Square
Intercept 1 1.2124 0.2233 29. 4778
72 1 -3. 3696 0. 5626 35.8715
73 1 -4. 5853 1.3027 12. 3885
z4 1 -4. 2502 0. 8484 25. 0968

Weight Variable: 1/(1+0.192285%(n-1))

This corresponds roughly to a doubling of the variance relative to the
binomial with a litter size of 6 and a tripling with n, = 11. Even with these
adjustments for overdispersion, Table 13.5 shows. that strong evidence re-
mains that the probability of death is substantially lower for each treatment
group than the placebo group.

Figure 13.4 plots the standardized Pearson residuals against litter size for
the binomial logit model. The apparent increase in their variability as litter
size increases suggests that the beta-binomial variance function is plausible.
The term p in that variance function corresponds to 6/(1 + 6) in the
variance of the beta-binomial distribution. For that distribution or more
generally, p = 0.192 means that the probabilities of death for litters of a
particular group have estimated standard deviation 1/ 0.192 u,(1 — ;) . This
equals 0.22 when the mean is 0.5 and 0.13 when the mean is 0.1 or 0.9, which
is considerable heterogeneity. More generally, a model could let p vary by
treatment group or be different for the placebo group than the others. We
leave this to the reader.




QL(2) Pearson (Agresti_T4 5_litter.sas)

proc logistic;
model y/n = z2 z3 z4 / scale=pearson;
run ;

Standard Wald
Parameter DF Estimate Error Chi-Square
Intercept 1 1. 1440 0.2187 27. 3686
72 1 -3. 3225 0. 5600 35.2023
z3 1 -4. 4762 1.2375 13. 0834
z4 1 -4. 1297 0. 8061 26. 2474

Deviance and Pearson Goodness—of-Fit Statistics
Criterion Value DF Value/DF Pr > ChiSq
Pearson 154. 7069 54 2. 8649 <. 0001

For comparison, Table 13.5 also shows results with the GEE approach to
fitting the logit model, assuming an independence working correlation struc-
ture for observations within a litter. The estimates are the same as the ML
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FIGURE 13.4 Standardized Pearson residuals for binomial logit model fitted to Table 4.5.



estimates for the binomial logit model, but the empirical adjustment in-
creases the standard errors. Similar results occur with an exchangeable
‘working correlation structure. For it, the estimated within-litter correlation
between the binary responses is 0.185. This is comparable to the value of
0.192 that yields the quasi-likelihood results with beta-binomial variance
function. The GEE standard errors are somewhat different from those with
the quasi-likelihood approach. It may be that the sample size is insufficient
for the GEE sandwich adjustment, which tends to underestimate standard
errors unless the number of clusters is quite large. Or, this may simply reflect
the different variance function for the GEE approach.

GEE (Agresti_T4 5_litter_gee.sas)

proc genmod data=moore2

class litter ;

model v = z2 23 z4 / link=logit dist=binomial ;
repeated subject=litter / corrb corrw mcorrb ;

run

Analysis Of GEE Parameter Estimates
Empirical Standard Error Estimates

Standard

Parameter Estimate
Intercept 1. 1440

72 -3. 3225
73 4. 4762
z4 4. 1297

Error
0.2759

0.4401 -4.1850
0.6105 -5.6727
0.5764 -5.2593

95% Confidence
Limits
0.6033

1. 6847
-2. 4600
=3. 2797
-3. 0000

4.15
=7.55
=7.33
=7.16

Finéll}?, Table 13.5 also shows results for the GLMM that adds a normal
random intercept u, for litter i to the binomial logit model. Results are also
similar in terms of significance of the treatment groups relative to placebo.
Estimated effects are larger for this logistic-normal model, since they are

subject-specific (i.e., litter-specific) rather than population-averaged.

GLMM  (Agresti_T4 5 litter.sas)

Parameter Estimate

alpha 1. 8024
beta2 -4.5147
beta3 -5. 8551
beta4 -5. 5945

sigma 1. 5331

Standard
Error
0. 3622
0. 7360
1. 1899
0.9191
0. 2877

DF
57
57
57
57
57

t Value
4.98
6. 13
-4. 92
-6. 09
5.33



13.3.4 Conjugate Mixture Models

The beta-binomial model is an example of a conjugate mixture model. ‘These
are models for which the marginal distribution has closed form. The data
have a particular distribution, conditional on a parameter, and then the
parameter has its own distribution such that the marginal distribution has
closed form.

Similarly, in Bayesian methods the conjugate prior distribution is a distri-
bution that when combined with the likelihood, gives a closed form for the
posterior distribution. For instance, for observations from a binomial distri-
bution with beta prior distribution for the binomial parameter, the posterior
distribution of that parameter is also beta. Conjugate models were the
primary method of conducting Bayesian analysis before the development of
computationally intensive methods, such as Markov chain Monte Carlo, for
evaluating the integral that determines the posterior distribution.

The beta-binomial conjugate mixture model applies with totals from
binary frials. In the next section we study a conjugate mixture model for
count data. It uses a gamma distribution to mix the Poisson parameter. A
disadvantage of the conjugate mixture approach is the lack of generality and
flexibility, requiring a different mixture distribution for each type of problem.
In addition, the extra variability need not enter on the same scale as the
ordinary predictors, and it can be difficult to have multivariate random
effects structure. Lee and Nelder (1996) discussed this approach and consid-

ered a variety of hierarchical models of GLMM form in which the random
effect need not be normal.

8.5. Collett KTHOR—4A 2IEHNAHAIZDOLNTOHEE

So far, a rather general assumption has been made about the form of variation about the
response probabilities, but there are alternative models based on more specific assumptions. For
example, we could assume that the variability about the mean response probability can be
modelled by a beta distribution. A random variable X is said to have a beta distribution with

parameters a and b if the probability density function of X is



a—1 _ b—1 g \<,_1
B(a,b)cc l-2)", 0Lz ,

where B(a, b), a function known as a beta function, is such that the integral of this density
function is unity. The beta distribution is defined over the range (0, 1), and can take a variety of
forms, depending on the values of the two parameters, « and 5. The mean and variance of X are
al(a + b) and abl{(a + b)? (a+b+1)}, respectively, and the distribution is unimodal. if « and b are
both greater than unity.

We now assume that the variance of =, about the mean response probability p,, for the ith
observation, can be modelled by a beta distribution with parameters a; and b;. Since E (z;) = p;,
we have that p; = a; /( a; + b;) and the variance of 7z, can be written as

var (m;) = pi (1 — i) /{a: + b; + 1} = p;(1 — pi) 73,
where z,= 1/{ a; + b; + 1} is expression has the same formn as that in equation (6.1), except
that the constant term ¢ has been replaced by the term z,, which takes different values for
each observation. The model based on this variance is known as the beta-binomial Model for
the analysis of proportions. If there is reason to believe that values of z; near zero or unity are
unlikely, the density function of the beta distribution must be unimodal, and zero at both zero
and unity. Then, ¢; > 1 and b, > 1, and so the variance of =z, cannot exceed p; (1 - p;) /3. This
could be rather restrictive. Moreover, in fitting this model it is often assumed that a; and b,

and therefore 7,, are constant for all ;. This model then reduces to that described by equation

var (m;) = éps(1 — pi) (6.1), but with the scale. parameter restricted to be less than one third.

In  beta-binomial modelling, differences in deviance will have an approximate
% -distribution. Accordingly, the assumption of a common value of 7 can be tested in any
particular application by comparing the deviance for the model with individual values of z, for
each observation with that for the model where 7 is constant. However, since the model is less
flexible than that in equation (6.1) when ¢ is assumed to be constant, and because it can be
difficult to fit the model when the z’s are not constant, this model for variation in the response

probabilities will not be considered in greater detail.



Example 6.7 Germination of Orobanche

Table 1.3 Number of Orobanche seeds germinating y, out of n, in extracts of bean
and cucumber roots

0. aegyptiaca 15 0. aegyptiaca 73

Bean Cucumber ) Bean Cucumber
¥y n ¥ n ¥ n ¥ | n
10 39 5 6 g 16 3 12
23 62 © 53 74 10 30 22 41
23 81 . 55 72 8 28 15 30
26 51 32 51 23 45 32 51
17 g 46 79 0 4 - 3 T:

10 13 : :

Table 6.1 Deviances on fitting linear logistic models to the data on the
germination of Orobanche.

Terms fitted in model Deviance d.f.
Bo ' 958.72 20
Bo + Species; 96.18 19
Bg + Extracty : 42.75 19
Go + Spc—:cz’esj + Extracty 39.69 18
Bo + Species; + Extracty + (Species x Exiract);x 33.28 17

Table 6.2 Deviances on fitting weighted linear logistic models to the
data on the germination of Orobanche.

Terms fitted in model Deviance d.f.
Bo | | 4726 20
Bo + Species; 44.94 19
By + BExtracts 2463 19
Bo + Species; + Extracty, 21.99 18

Bo + Species; + Extracts + (Species x Extract);x = 18.45 17

Table 6.7 Analysis of deviance for the data on the germination of
Orobanche. '

Source of variance d.f. Deviance Mean deviance F-ratio

Species adjusted 1 3.08 3.06 1.56
for Eztract

Eztract adjusted 1 56.49 56.49 28.86
for Species . _

Species » Brtract 1 6.41 6.41 3.27
interaction

Residual 17 33.28 1.96




In this example, the overdispersion in the data on seed germination is modelled by assuming a
beta binomial distribution for the variation in the response probabilities. Denote by Y. the
random variable associated with the number of seeds that germinate out of 7y, in the /th batch of
seeds of the jth species exposed to the ith root extract. The full model for the probability that
seeds of the jth species germinate in the kth root extract is then
logit (pi) = bo + Species; + Extract,+ (Species X Extract),

with var (Yiu) = nypu(l - pi) 7 Where 7 = 1/{ay + by + 1}, and ay, by are the parameters
of a beta distribution for the variation in the response probabilities for the jth species and the ith
root extract. The deviance on fitting this model is found to be 30.74 on 13 d.f. When the z's are
constrained to be equal, the deviance is increased by 0.20 to 30.94 on 16 d.f. This increase is
certainly not significant when judged against percentage points of the 2 -distribution of 3 d.f.,
and so the 7's may be assumed to be equal. Under this assumption, the deviance on fitting the
linear logistic model that contains the main effects of Species and Extract alone is 35.07 on 17
d.f., and so the change in deviance on including the interaction term in the model is 4.13 on 1
d.f. This is significant at the 5% level (P = 0.042), and the P-value for this test is very similar to
that in Example 6.4. The fitted germination probabilities under the beta-binomial model that
includes the interaction term are 0.37, 0.69, 0.39 and 0.52, which are again very close to those

reported in Table 6.3.

Table 6.3 Estimated germination probabsl-
ities for different species of Orobanche ger-
minated in different root extracts, after al’
lowing for overdispersion.

Species Root extract Estimated

probability
0.a. 75 Bean 0.37
Cucumber 0.69
D.a. 73 Bean 0.39

Cucumber 0.51




8.6. FEMDLLE (Collett)

Litter (FIE) W ROFEEEL LT, BHEIZK 2E, Williams OEADMEH, 7
ZENREETNVOMAERACELOTH D, HHEICL D50, litter 4 X35
BROGEIIMER DV, 2720, T X LRETNMITMNZET 500, i
WOBEHETH D2 b LT, litter D7 VX LR L LT, Tavy NEHRH DN
Er Yy NEBEIZOWNWT T & L8 R0 EH 44 alpha ~ normal(0,
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Of the models for overdispersion in this chapter, the beta-binomial model de-
scribed in Section 6.6 has been shown to be less flexible than the Williams
procedure of Section 6.4, and so cannot be recommended for general use. As
Example 6.6 shows, even when the numbers of binary observations that make
up the observed proportions vary considerably, the simple method of adjust-
ing for overdispersion described in Section 6.5 can lead to results that are
not much different from those obtained using the more complicated Williams
procedure. However, the Williams procedure has the advantage that correct
standard errors can be obtained directly, and since it gives the same results
as the method of Section 6.5 when the n; are all equal, this procedure is
recommended for use on a routine basis.

TEL: v UT L (6.4 )

FiE2: AH—EROMM (BHEICK27%) (6.5 i)
FiE3: R_—=F2HET /L (6.6 #)
FiE4: FZoX 2% (6.7 Hi)

FiE5: BT 4 DU (6.7.2 €)

COETBREROLODSEE LT, 6.6 itk /=_—% 2 HET L (T 3)
0, 6.4 HiDov 4 VT LDOTE (FiE 1) IZESSTEOFMRITH R TERERMECZ LW
EDVIREN, EOTDIZ, RIS L THED L Z ENTE R, FHH]6.6 TR
L&), BIEENTHERHY SN TS LI R 2MEABBE T — 4 ThoTh,
6.5 {i TR/ RIEH D T2 D OB RFHEEIEL, AR AT T 4 U T LOTjEEF -
THLNDEIFEEDLLRVEREFZES ZENTED. LLARRDL, YA U T A



DIFER, EHEREOHENESEED Z LN TE, N T _XTELWEAIC65 /D
BERILKREGEZDEVWORRE L2 TEY, ZOHEE, V—F IS Z &
HIEIND.

We have seen that one possible explanation for overdispersion is that there
is variation in the response probabilities for different batches of identically
treated experimental units. As noted in Section 6.1.1, this variation could
be attributed to relevant explanatory variables not having been recorded, or
to the inclusion in the model of cerfain explanatory variables that have not
been adequately measured or controlled. This suggests that overdispersion
might be accommodated by including what is termed a random effect in the
model. Since models with random effects are useful in other settings, they are

considered in detail in Chapter 8, and we return to modelling overdispersion
in Section 8.6 of that chapter.
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